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Abstract

This paper intends to present a Radix-2 Decimation-in-Time (DIT) algorithm for the computation of Fast Fourier Transform
(FFT) of real-valued sequences which are integral part of all real time signal processing. The fact that the real valued sequence
possesses conjugate symmetric property, is used here to reduce the computational complexity and memory requirements for the
computation of Discrete Fourier Transform (DFT). A comparison of computational complexity between the proposed algorithm
and existing FFT algorithms reveals the increased efficiency of the proposed algorithm.
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Introduction

Around 1805, Carl Friedrich Gauss invented a technique for
computing the coefficients of what is now called ™ a Discrete
Fourier Series. Then in 1965, J. W. Cooley and J. W. Tukey
published a paper ™ based on some other works of the early
twentieth century which gave rise to a technique which is now
known as the “Fast Fourier Transform.” This technique could
be implemented on computer which could compute the
coefficients of a discrete Fourier series faster than ever it was
possible. Since, advent of Cooley-Tukey Fast Fourier
transform (FFT), number of complex multiplications required
to compute the N-point DFT of a complex sequence is reduced
from N2to (N/2) log,N.

In this paper for real valued sequences, an effort has been
made to reduce the computational complexity further which
resulted in a new version of the algorithm that is superior to
the existing Cooley-Tukey FFT algorithm. The real-valued
sequences ® which are invariably involved in real-time signal
processing, exhibit conjugate symmetry in Fourier domain
giving rise to redundancies with respect to computations. This
could be further exploited to reduce the computational
complexity and the memory requirements.

FFT algorithm for real-valued sequence

Divide and conquer approach is used in decimation-in-time
algorithm wherein the input sequence x(n) is divided into
smaller and smaller subsequences. An N-point transform is
divided into two N/2-point transforms, then each N/2-point

transform is further divided into two N/4-point transforms, and
this is continued till 2-point DFTSs are obtained, as it was done
by Cooley-Tukey in his algorithm ™. In this paper an effort
has been made to exploit conjugate symmetry property of
Fourier Transform of a real sequence i.e. X(k) = X *(N-k).

Let x(n) represent a real-valued sequence of length N, where N
is a power of 2.

Input sequence: X(0), X(1), «ovrvenve x(N-1)
DFT of an N-point sequence is given by [1]-[2]
N-1
X(k)=Zx(n)W”k, 0<k<N-1 (1
n=0
Where,
Wy = e~ J2m/N) )

Wy is complex and periodic with period N.

Decimating the sequence x(n) into two sequences of length
N/2, one composing of even indexed samples of x(n) & the
other of odd indexed samples, we get

N/2-1 N/2-1
XM = ) x@WEk+ Y x@n+ DWNE)
n=0 n=0
N/2-1
Let, G(k) = Z x(2n) Wi, )
n=0
N/2-1
H(k) = Z x(2n + 1) Wk, (5)

n=0

Now, substituting (4) and (5) into (3), we get
X(k)= G(k) + W¥H()), 0<k<N-1 (6)
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Where G(k) and H(k) are N/2-point DFT’s of even and odd
indexed samples respectively.
Fork = (k + N/2) equation (6) becomes,
N
AN N (k +—) N
X(k+S=ck+3)+wy YHE+T) @
Since G(Kk) and H(k) are periodic with period N/2,

G(k + g) = G(k) andH(k + g) = H(k) (8)
Hence,
x(k+3) =600+ WN(’”% H(k) )

; (k+3) K
Using property W, 2 = —Wy, we get
X (k + g) = G(k) — WK H(k) (10)
Applying conjugate symmetry property X (k) = X *(N — k)
on equation (10), we get

X*(N—(k +§)>=G”‘(N—k)—W,’V<H*(N—k) (11)

X*(3—k) =G W —k) - W§ H*(N = k) (12)
Taking conjugate on both sides, we get
X(X-k)=GW k) - Wy* H(N - k) (13)

Replacing ‘k’ with (g - k) into (13), we get

X =6(N-2+k) —W(k_g)H(N—§+k) (14a)

N

=6 (k+ D) = (k4 )

A (14b)
Using periodicity property of G(k) and H(k) equation (14b)
can be rewritten as,

N
x(k) = G(k)—WN(k D H), 0 <k < (2-1) @)
Similarly representing G(k) and H(k) as sum of two N/4-point
DFTs.

N
G (k) =A(k)—WN(k 4)B(k), 0< k=< (5-1)@6

N
H(k) = C(k) —WN(k D, 0k < (E-1) @
Using equations (15), (16) and (17) we can draw signal flow
graph as shown in the fig.1 Comparing this algorithm with
FFT algorithm for complex sequence, it can be noted that the
length of sequence X(Kk) has been reduced from N/2 to N/4,
and sequences G(k) and H(k) from N/4 to N/8, indicating
reduction in the complexity.

Signal flow resulting from the algorithm
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Number of complex multiplications required in first stage is
N\2 N\2
m=0G)+G) +n (18a)
8\ 2 8\ 2
=) +(§) +8=40 (18b)
Similarly number of complex multiplications required after
second stage is

m=4(;) +2(5)+ ()
~4(2) +2()+ () -1 asy
And number of complex multiplications required after third

stage which gives the total number of multiplications required
for proposed algorithm is

=)+ )+ () (202)
8 8 8
=()+() + ()= (20b)
Hence total number of complex multiplications required to
evaluate 8-point DFT is equal to 6. Similarly for different
values of N, a comparison of computational complexity is
given in below table 1.

(19a)

Table 1: Comparison of computational Complexity between
existing FFT Algorithm and Proposed Algorithm

Number of | FFT Algorithm Proposed Algorithm
points
N Complex Complex Complex Complex
Multiplications | Additions | Multiplications | Additions
4 4 8 2 4
12 24 6 12
16 32 64 16 32
64 192 384 96 192
128 448 896 224 448
256 1024 2048 512 1024
1024 5120 10240 2560 5120

If we compare the proposed algorithm with the Cooley-
Tukey’s FFT algorithm, it is clear that the computational
complexity has been reduced to half for real valued sequences.

Arithmatic complexity
The total number of complex multiplications required to
evaluate the N-point DFT with first stage is

2 2

m=0G) +G -+

= (%) +w (21b)
The first and second terms of equation (21a) are number of
complex multiplications required to compute N/2-point DFT
of even and odd indexed samples respectively and the third
term is the number of complex multiplications required for
combining.
The total number of complex multiplications after second

(21a)

X(6) — >,<:D(O) : ///1 | X(6) stage Is
w2 2
D(1) _ N N N
R r T o m=a(5) +2(7) + () (222)
Fig.1. Signal flow graph of the proposed algorithm for = (N_z) +N (22b)
N=8.Where ¢ @’ indicates complex conjugate of ‘ @’ 1o
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Continuing this process of decimation till we end-up with 2-
point DFTs, the total number of computations then becomes as
given in the table 2.

Table 2: Computational Complexity of different Algorithms

Direct FFT Algorithm Proposed

Computation Algorithm
Complex N? N N
Multiplications 7 l0g2N 7 092N
Complex N2—-N Nlog,N N

—log,N

Additions 209
Conclusion

All real-time signal processing algorithms encounter real
signals as their input which exhibit conjugate symmetry in
Fourier domain. The redundancy in this conjugate symmetry is
exploited in the proposed algorithm which leads to further
reduction in the computational complexity. The proposed
algorithm is computationally more efficient than the existing
Cooley-Tukey FFT algorithms with respect to real-time series
processing.
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