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Abstract

Finsler geometry is originated from Differential geometry. Finsler geometry is Riemannian metric without
quadratic restriction. In Finsler space we see special metrics such as Randers metric, Kropina metric and
Matsumoto metric.,etc. Projective change between two Finsler metrics arise from Information Geometry.
Such metrics have special geometric properties and will play an important role in Finsler geometry. In this
paper,we are going to study class of Projective change between two (a, ) — metrics, which are defined
as the sum of a Riemannian metric and 1 — form.
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1. Introduction

. An interesting result concerned with the theory of projective change was given by Rapscak’s paper. He
proved necessary and sufficient conditions for projective change.

. S. Bacso and M. Matsumoto?® discussed the projective change between Finsler spaces with (a, 8) —
metric.

. H. S. Park and Y. Lee [6] studied on projective changes between a Finsler space with (a, 8) — metric
and the associated Riemannian metric.

e  X.Cheng and Z. Shen studied a class of Finsler metrics with isotropic S-curvature and curvature
properties of Finsler metrics.

. Recently some results on a class of (a, ) — metrics with constant flag curvature have been studied
by Ningwei Cui, Yi-Bing Shen [5], N. Cui and Z. Lin.

2. Some Important Definitions

2.1Definition: A Finsler metric is a scalar field L(x, y) which satisfies the following three conditions:
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Q) It is defined and differentiable at any point of TM™\{0},

(i) It is positively homogeneous of first degree in y*, that is, L(x, ly) = AL(x,y), for any
positive number A,

4

(iii) It is regular, that is, g;;(x,y) = %(’La'jLZ, constitute the regular matrix g;;, where 9, = aiy‘
The manifold M™ equipped with a fundamental function L(x,y) is called Finsler metric F"™* =
(M™ L).

2.2 Definition: Two Finsler metrics L and L are projectively related if and only if their spray coefficients
have the relation

Gi=Gi+ P(y)yt (2.1)

2.3 Definition : A Finsler metric is projectively related to another metric if they have the same geodesics as
point sets. In Riemannian geometry, two Riemannian metrics @ and & are projectively related if and only if
their spray coefficients have the relation
GL = GE + A iy*y? (2.2)

2.4 Definition : Let

d(s) —sp'(s) + (b2 —sHP"(s) >0, (Is|<b<by). (2.3)

If a = /aijyiyf is a Riemannian metric and 8 = b;y" is 1-form satisfying ||Sy||, < by Vx € M, then

L =¢(s),s =p/a,is called an (regular) (a, ) — metric. In this case, the fundamental form of the metric
tensor induced by L is positive definite.

2.5 Definition: Let F* = (M™, L) and F™ = (M", L) be two Finsler spaces on a common underlying
manifold M™. If any geodesic on F™ is also a geodesic on F™ and the converse is true, then the change
L — L of the metric is called a projective change.

The relation between the geodesic coefficients G* of L and geodesic coefficients G/, of « is given by

G' = GL + aQs} + {-2Qas, + roo}{‘l’bi + @a‘lyi}, (2.4)
P —s(pp '+ '9) ¢ 1 ¢’
where, 0O = , = = ., ¥Y=- , ,,
2¢((¢p—s59)+(b2=5)¢") ¢ P-s¢ 2 (p—s¢)+(b2-s2)¢p
2.6 Definition: Let D%, = 6—3(6" _ L o¢™ 1), where G* are the spray coefficients of L. The tensor
A Jkl ™ 3yigykay! n+1 aymy ! pray '

D = D}klai ® dx’ ® dx* ® dx' is called the Douglas tensor. A Finsler metric is called Douglas metric if
the Douglas tensor vanishes.

Then there exists a class of scalar functions Hj;, = Hjik (x), such that

1

Hi = Ti_ Ti_
00 n+1

(T = T)y", (2.5)
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Where Hf, = H},.y/y*, T'and T are given by the relations
T! = aQsb + P{—2Qas, + 1oy }b’ (2.6) and
Tym = Q'so + Ya1(b% — s2)[ryy — 2Qas,] + 2¥[ry — Q' (b% — s2)sy — Qss,] (2.7)

3. Projective change between two Finsler metrics: In this section, we find the projective relation between

2 — —
two (a, B) — metrics, that is, Special (a, ) — metric L = c¢; + ¢, + % and Randers metric L = a + f8
on a same underlying manifold M of dimension n > 2.

2
From (2.3), L =c; + c,f8 +% is a regular Finsler metric if and only if 1-form g satisfies the condition

HBxlla < %for any x € M. The geodesic coefficients are given by (2.4) with ,

C1C3—4Cy5+Cy5%—4s3 _C2+2s 1

@ = = e —
c?+2c1b2+2c,b25+252(b%2—cy)—-3c,53-35% ’ Q c1-s% '’ (c1+2b2)-3s2

(3.1)

Substituting (3.1) into (2.4), we get

20°B {—40{23 —2ap?

i — i ypi .2
G Ga+a2_3250 a2_3250+r00}{ b +a4+2b2a2(a2 +ﬁ2)—2a2,82—3ﬁ4}'(3 )

From (2.3), L = & + S is a regular Finsler metric if and only if ||B,||, < 1 forany x € M.
The geodesic coefficients are given by (2.4) with

_ 1 — _
@=m, Q=1, Y=0 (33)

First we prove the following lemma:

3.1 Lemma: Let L =c; +c,f +%2 and L=a + 8 be two (a,8) — metrics on a manifold M with

dimension n > 2. Then they have the same Douglas tensor if and if both the metrics L and L are Douglas
metrics.

Proof: First, we prove the sufficient condition. Let L and L be Douglas metrics and corresponding Douglas
tensors be Dy, and D},. Then by the definition of Douglas metric, we have D}, = 0 and D}, = 0, that is,
both L and L have same Douglas tensor. Next, we prove the necessary condition. If L and L have the same
Douglas tensor, then (2.5) holds. Substituting (3.1) and (3.3) in to (2.5), we obtain

_ Ala'°+Bla®+cCla®+Dla*+Ela? __;

H(l;o —_ - (XSO (3.4’)

Ia8+jab+Ka*—ja?+L

Where Al = (m+ 1)1+ 2bH){c,(c; + 2b?)sE — 2¢,50b'}

Bl = (n+ {1+ 2b®)[2(cy + 2bH) sy — 4sob'B — 3¢, 8255 — 2(2 + b [ca(c1 + 2b?)sh — 2¢,50b']
— 4cy (1 + 2b%)sp(cy + 2b%)}

Gayathri. K, Narasimhamurthy.S.K www.ijetst.in Page 1728



C'=(n+ 1)3[cy(cy + 2b¥)s§ — 2¢,50b" + 6(2 + b?)c,sh|B*
— [6s8 + 4(2 + b?)(cy + 2b?)s§ — 4sob'| B3 — 4[(2¢1 + b2 (1 + 2b?)s]B% + 1o0b'}

D! = (n+ 1){12(2 + b?)siroeb'B° + 3[cy(cy + 2b%) s — 2¢,50b"| + 650(1 + 2b2)p* — 2(2
+ b?)ryo b B2},

El = (n+ 1){3B%yob" — 125587}

1
A=— (3.5)

and I = (1 +n)(1 + 2b*)c;,(cy + 2b?) ,
] =2[2c? + 2¢; + 2(cq + 1)b* + (c? + 8¢, + 2)b?]B? ,
K = (n+ 1[3c? + 14c,b? + 44b?% + 4b*1p*
L=-12(n+ D[c; + b2 +1]p° ,
M = 9p* (3.6)
Then (3.4) equivalent to
Ala®® + Bla® + Cla® + Dla* + E'a®? = (Ia® + Ja® + Ka* + La? + M)(HE, + @)  (3.7)
Replacing y* by —y' in (3.7) yields
—Ala'® + Bia® — C'a® + D'a* — Ela? = (1a® — Ja® + Ka* — La? + M)(H}, — @5) (3.8)
Subtracting (3.8) from (3.7), we obtain
Ala'® + Cla® + Ela? = Hjya?(Ia® + Ja* + Ka? + L) + aas} (M) (3.9)
Now, we study two cases for Riemannian metric.
Case (i): If & = u(x)a , then (3.9) reduces to
Ala'® + Cla® + Ela? = Hjya?(Ia® + Ja* + Ka? + L) + u(x)a?55 (M) (3.10)
above equation can be written as
H' = [HioUa® + Ja* + Ka? + L) + u(x)s5(K) — A'a® — Cla* — E']a? (3.11)

From (3.11), we can observe H' has the factor a?, that is, 12Ay‘r,,8* has the factor a?. Since 82 is not
having a?factor, the only possibility is that Sy, has the factor a?. Then for each i there exists a scalar

function Tt = t(x) such that Sro, = ta?,
which is equivalent to b;rg + byro; = 2T ay -

If n > 2 and assuming t‘ # 0, then 2 > rank (berk) + rank (byry;)

Gayathri. K, Narasimhamurthy.S.K www.ijetst.in Page 1729




> rank (bjrox + bi7oj)
= rank(2tla;) > 2 ,
which is impossible unless t¢ = 0. Then Br,, = 0. Since B # 0, we have 1y, = 0, implies that b;; = 0.

Case (ii): If @ # p(x)a , then from (3.9), observe H' has the factor a, that is, 121y'B*ry,has the factor a.
Note that 2 has no factor a. Then the only possibility is that Sryohas the factor a2. As in the case(i), we
have b;; = 0 whenn > 2.

Special (a, f) — metric is a Douglas metric if and only if b;; = 0. Thus L is a Douglas metric. Since
L is projectively related to L, then both L and L are Douglas metrics.

Now, we prove the following theorem:

3.2 Theorem: The Finsler metric L = ¢; + ¢,f8 +72 is projectively related to if and only if the following

conditions are satisfied
GL=GL+Py' , by;=0, df =0, (3.12)

Where b = ||B]|l«, b;; denote the coefficients of the covariant derivatives of g with respect to a, P is a
scalar function.

Proof: Let us prove the necessary condition. Since Douglas tensor is an invariant under projective changes
between two Finsler metrics, if L is projectively related to L , then they have the same Douglas tensor.
According to lemma 3.1, we get both L and L are Douglas metrics.

Since Randers metric L =a + 8 is a Douglas metric if and only if B is closed, we have, df =
0 (3.13)

2
andL =c; + ¢, + % is a Douglas metric if and only if b;; = 0, (3.14)

Where b;|; denote the coefficients of the covariant derivatives of g = b;y* with respect to a. In this case, 8
is closed. Hence s;; = 0, implies that b;; = b;; . Thus ss=0,s0=0.

By using (3.14) , we have ry =r;y'y/ =0 . Substituting all these in (3.2) , we obtain
G' =G} (3.15)

Since L is projective to L , this is a Randers change between L and @ . Since 5 is closed, then L is
projectively related to @ . Thus there is a scalar function P = P(y) on TM\{0} such that G!= G +

Py! (3.16)
From (3.15) and (3.16) : we have
GL = GL + Py' (3.17)

Equations (3.13) and (3.14) together with (3.17) complete the proof of the necessary condition.

Since B is closed, it is sufficient to prove that L is projectively related to @. Substituting (3.14) in to (3.2)
yields (3.15).
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From (3.15) and (3.17) , we have G' = G% + Py'
That is, L is projectively related to @.

From the previous theorem, we get the following corollaries.

2

3.3 Corollary: The Finsler metric L = a + % is projectively related to L = @ + 8 if and only if they are
Douglas metrics and the spray coefficients of a and @ have the following relation

G = G + Py
Where P is a scalar function.

In this, we assume that the Randers metric L = @ + 8 is locally Minkowskian, where @ is an
Euclidean metric and 8 = b;y* is a one form with b; = constants. Then (3.12) can be written as G} =
Py', by; =0 (3.18)
Thus, we state

3.4 Corollary: The Finsler metric L = c¢; + ¢, + ;2 is projectivley related to L = @ + 8 if and only if L is
projectively flat, in other words, L is projectively flat if and only if (3.18) holds.

4. Conclusion

2 — —
The Finsler metric L = ¢; + ¢c,8 + — is projectivley related to L =a+ B if and only if L is projectively

flat, in other words, L is projectively flat if and only if G; = Py' , b;; = 0 holds true
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