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1.1 Present paper deals with symmetry techniques for derivation of generating functions of families of basic
analogue of Fox's H-function. To each family of basic analogue of Fox's H-function, a canonical system of
partial g-difference equations has been associated. Subsequently symmetries of these equations have been
used to derive the generating functions.

First we derive the g-recurrence relations, g-difference equations for basic analogue of Fox's H-function and
then obtain the canonical equation associated with each family of multivariable g-analogue of Fox's H-
function. Also, we can derive the generating function for symmetry operators.

Saxena, et. al. [9] introduced the basic analogue of the H-function in terms of the Mellin Barnes type basic
contour integral in the following form:

(8,00 e, (aA,ocA)}
() VO (b,,B,)
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G(qa)z{]j(l—q““‘)} = q“-lq (1.1.2)
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and 0 <m <B; 0<n<A,; oy, pj are all positive integers. The contour C is a line parallel to Re(ws) = 0 with
indentations, if necessary, in such a manner that all the poles of G(g®#*); 1 <j < n are to its left of C. The
integral converges if Re [s log(z) — log sin ©ts] < 0 for large value of |s| on the contour C, that is, if [{arg(z) —
wowi ! log [z[} < where |q<1, log g = -w = w(wi+iw,), W, wa,w; are definite quantities, w; and w; being
real. The Fox's H-function has been studied in detail by several mathematicians for its theoretical ad
applications points of view. This function has found wide-ranging applications in mathematical, physical,
biological and statistical sciences. It would be interesting to observe that almost all the classical special
functions expressible in terms of Fox's H-function along with their applications to the aforementioned fields
can be found in the research monograph by Mathai, et. al. [3,4].

A new generalization was considered by Saxena, et. al. [9] in the form of the g-extensions of the Fox's H-
function by mean of the Mellin — Barne's type of basic integral. The advantage of these new extensions of
the Fox's H-functions lies in the fact that a number of g-special functions including the basic hyper
geometric functions, happen to be the particular cases of the Hq(.)-functions, thus widening the scope for
further applications. In a paper, Saxena, et. al. [8] besides proving some interesting relations, have
established an important limit formula for the Hq(.)-function, when g tends to 1. Various basic functions
expressible in terms of basic analogue of Fox's H-function with their applications can be found in the
research papers due to Saxena, et. al. [10], Yadav, et. al. [11] and Purohit, et. al. [7].

1.2 Recurrence Relations

The following recurrence relations will be established in this section.

(a,0 e ,(aA,aA)}
(by,By oo (b B
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1<j<m..(1.23)

v 1" H Zg{z;q

HITIn|:
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q(b SRR D (b, +B,.B.)

Proof of (i)  To prove the results, we consider

(a, 0, ). ,(aA,ocA)}
(0,3, ) vevene. J(bs,B,) |

(a,0) (a,,a, )}
0B, ) 0, B (0B )y + 1.8, )., B

1<j<m..(1.2.4)

(8,00, o ,(aA,ocA)}

(1.2.5)

LHS. = l—g~T" )H{ '

1<j<n

On making use of definition (1.1.1) and g-dilation operator defined by Miller, et. al. [1]. The above
expression becomes

L 1je(qb,-s,-s)lje(qla,-mjs)(l_qlajw)nzs
27 ¢ ﬁ G(ql—bj+|3]5 ).ﬁe(qajfajsb(ql_s )sin .

j=m+1 j=n+1

by using (1.1.2), it becomes
i

=R.H.S.

(aloc) (a 1ocj), ..... ,(an,ocn),(an+l,0cn+1), ...... (aA,ocA)
B : (b,,Bs)

This completes the proof.
Proof of (if) To prove the result,

we consider
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LH.S. = (1—qaf‘1TZ“"’ )H Z’B"{Z;OI‘
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On making use of definition (1.1.1) and g-dilation operator, the above expression becomes
1 I HG(qu -Bjs )HG(ql—aj +ojs Xl_ ql—aj—ajs )TEZS
j=1 j=1
H B A
2t [ ol )16l Jola- s

j=m+1 j=n+1

by using (1.1.2), it becomes
H Z'B{z;q

=R.H.S.
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This completes the proof.
Proof of (iii) To prove the result,

We consider

(a,00 )y (aA,ocA)]
(B, B, )y (b,,B.)

On making use of definition (1.1.1) and g-dilation operator, the above expression becomes

S I
j=1 j=1
L T T Ty S

j=m+1 j=n+1

by using (1.1.2), it becomes

(a,a,), s (aA,ocA)}
(0,8, (b, 1B, )res (b, B ) (B 1Byt oo B )

= H;‘;B”{z;q

=R.H.S.

This completes the proof.
Proof of (iv) To prove the result, we consider
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W

m+1 <j<B

On making use of definition (1.1.1) and g-dilation operator, the above expression becomes

AR CCR B N E il
j=1 =t
2 1] ela ) 16(a Je(a)sin s

j=m+1 j=n+1

by using (1.1.2), it becomes

=H,T”Q{Z;q(a1’al)’ ................. (a,,o,)

;m+1<j<B
=R.H.S.
This completes the proof.
Proof of (v) To prove the result, we consider

(a,0 ). ,(aA,ocA)}
(b, B (051B5) |

On making use of definition (1.1.1) and g-dilation operator, the above expression becomes
L G R
j=1 j=1
H B A
2% 1] ol [Tola" Jla Jin s

j=m+1 j=n+1

z ,B

LH.S. = z(l—Tl)H;\“'“{z;q

This integral takes the form

=] (1o " Tela™
2 11 6l )I16(e"Jola Jsin s

j=m+1 j=n+1

ds; using (1.1.2)

Replacing s+1 by t in this integral, it becomes
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_ I - i i —

j=m+1 j=n+l
which equals
—H;“g{z;q(alJra“al)’ ............ (aA+ocA,ocA)}
| (0, + B, B, Jevrerrernnnn (b, +B..B.)

=R.H.S.

This completes the proof.

Note that, relations (1.2.1) to (1.2.5) imply the fundamental g-difference equation satisfied by H /Tg
{Z (1_-|-Z—1 Xl_ ql—al-l-qu )al (1_ ql—an -I-Zun )an (1_ qan+1—sz—an+1 )am
----- (g1 ) + - f e )

Q=g TP =g T Yo H e

1.3  Canonical Equations

Now, we define the basis function 'y of A+B+1 variables by

i {Uiil ,,,,,,, Uiis 1 (aloc) ......... ,(aA,aA)}
MLk ( B ) , (b,.B,)

(aloc) --------- ,(aA,aA)}
B )y (BB

By B
:Hm’n|:uA+l ....... uA+B
AB .

A+B+1
ud e (1.3.D)
The g-difference operators Aij are defined by
AF)=u[fu)-f@u)l .. (1.3.2)

In terms of operator (1.3.2) and with the help of the relations (1.2.1) to (1.2.5), we obtain the following
recurrence relations.
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P A+l <j<A+m ... (1.3.5)
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q(avoh)’ ................ (a,,o,)
(0,18, )0, (0,B, 1 (0, B oo (B +1.B ). b5, B
A+m+1 <j<A+B ... (1.3.6)
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Proof of (i) We consider, L.H.S
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ul """ uA A+B+1 (bl’Bl) """"" ! (bB’BB)
Cmal UR P 1 0 7% N (a,,a,
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In view of (1.1.1) and (1.3.2) R.H.S can be expressed as

lﬂ[G(qu_ﬁjs)lllG(ql_ajmjsXl_ql_ajsz),{u,'i;l ....... up, 1 J
ds

1 -1 j=1 UlOtl ...... UZA Uy
ZTCi v[ B 1-b; +B:s A aj;—a;s 1-5 \@i
: [T 6l )T16(a" ** J5(q")sin 7s
j=m+1 j=n+1
a;-1 (a j _1)_1 a,—1 a1 aa-1 —b —bg
u, ....UjJ e U UL UL LU

In view of (1.1.2), it takes the form

H m,n{uﬁ{d ....... ube, 1
AB o a,
ul1 """ l"IAA l"IA+B+1
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With the help of (1.3.1), it becomes

B1 Bg
mn| Yaigreeeoes Uais 1
u™...... uss u

q(a‘l’a‘l) """"" ’(aj _1’G’j)’ """ ’(an’a‘n)’(an+17a’n+1) """ ’(aA’a‘A)
(b,B) : (b,.B,)
1<j<n
=R.H.S.
This completes the proof.
Proof of (ii) We consider, L.H.S.
Ajwr:g{ui:: _______ Ugis_ 1 ’ (al,ocl) ......... ,(aA,ocA)}
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n+1<j<A
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ur L utu L u™
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In view of (1.1.1) and (1.3.2) this can be expressed as

= i7bhjs - —aj+o;s _ rajtags uﬁi """" uBi 1 S
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In view of (1.1.2), it takes the form
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uf‘l‘l....u:"‘lu:"+1‘1....uﬁai‘ly LaLudu
With the help of (1.3.1), it becomes
mnl UNube 1
MLt U,
L B R N
b.B) e , (bs.B5)

;ntl <J<A
=R.H.S.

This completes the proof.

Proof of (iii) We consider, L.H.S.

ivAB| o .
uM...ust u

By Bs
A m,n|:uA+1 """" Uyis 1

(&,0,)un(@,,0,)
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In view of (1.1.1) and (1.3.2) this can be expressed as
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With the help of (1.3.1), it becomes
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q

(bl,’Bl)....,(bj+1,Bj) ...... (0B _..B..)(b,.B,)

T (aA,ocA)}

LA+ <j<A+m
=R.H.S.

This completes the proof.

Proof of (iv) We consider, L.H.S.

By Bs
A m{uM ....... us, 1 .

A A+B+1

A+m+1<j<A+B

In view of (1.1.1) and (1.3.2) this can be expressed as
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With the help of (1.3.1), it becomes
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; A+m+1 <j<A+B

=R.H.S.

This completes the proof.

Proof of (v) We consider, L.H.S.
A+ \an|:uf\11 ------ uiis 1 . (al’a‘l) """"" ’(aA’a’A):|
MEATARL um LU Uy (BB e , (b,,B.)

In view of (1.1.1) and (1.3.2) this can be expressed as

ﬁG(qu_Bjs)f[G(ql‘ai“‘Jsxl_q—s),{uih ------- Uf\iB. 1 JS
j-1 i1 d

u....uz* u

1 A A+B+1
2 |J. B 1-b;+B;s A aj—o;s 1 - >
me [16(a" " )T16(a" * Je(a*)sin ms
j=m+1 j=n+1
a1 ap—1, —bg -1
ur........ uBrtuLLue ut

Employing (1.1.2), it takes the form

lm[G(qu—Bjs)ll[ (ql‘aﬁ“js)n(uf\lﬂ """" u/liis_ 1 Js
=1 d

i1 u.....uzr U

1

1 A A+B+1 S
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y -1 a1, —by —bg -1
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Replacing s+1 by t, it becomes
m p p 1 s
B s)B ity T Cata u. ....... u,:
HG(q(bJ Bls)—ﬁJt)HG(ql aj+ IS)T{ A;1l ::B . ]
1 .2 i1 u*...... U, U,g., ds
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uEre ey Oty Perhe)

It can be further put as
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Ps B
et 1

A+B+1

(&, +o,,0,) ... (aA+ocA,ocA)}
(b, +B,.B,) o (b +Bs.Bs)

(ag+oy )1 (aa—oa )1y —(by+B;) —(bg+Bg )
u; u u u

A+l "ttt A+B

; A+m+1 <j<A+B

: q
u

A+B+1

By Bs
B m{um ....... us, 1

(&, +0,0,), ... (aA+ocA,0LA)}
(b, +B..B,) o (b, +Bs.Bs)

=R.H.S.
This completes the proof.

On making use of (1.3.3) of (1.3.7), equation (1.2.6) becomes the canonical g-difference equation

(Ao AN NN L AT AR N AT

)\Vm,n _O
n+l A+B+1 AL AEM T Aem4L " A+m AB
.. (1.3.8)

The  q-difference  operators A (1< j<n), A(n+1<j<A), A,(A+1<j<A+m)

A (A+ m+1< <A+ B) and A’, _ . are symmetry operators for the canonical equation (1.3.8).

A+B+1

The detailed account of the g-difference equations, canonical equations and symmetry operators are
available in the monograph due to Agrawal, Kalnins and Miller [1], Kalnins and Miller [2] and Miller [5,6].
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