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ABSTRACT. By making use of the Hohlov operator given by
the class of Spirallike functions is introduced. The object of
the present paper is to obtain sharp upper bound for functional

lagay — a3l.

1. INTRODUCTION, DEFINITION AND MOTIVATION

Let A denotes the class of normalized analytic functions of the

form,
f(2) :z+Zakzk (1.1)
k=2
where,
z€E {z:2€C & |z] <1} (1.2)

Let S denotes the class of all functions in A which are univalent.
Robertson [14] introduce to class of starlike function of order

as follows,

Definition 1.1. Let § € [0,1], f€ S &
R{Zf(z)}>5 2 €E (1.3)

f(2)
Key words and phrases: Univalent Function, Starlike, Hadamard

Product, Hankel Determinant, HohLov Operator.
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We say that f is starlike function of order 5 & denoted by S*(5).
Spacek[16] introduce the class of Spirallike function of type [ as
follows,

Definition 1.2. Let f€ S, —7/2 < < w/2 then f(z) is spirallike
function of type B on E.

e2f(2) .
R{ e }>O cE (1.4)

denoted class of Ss.

From definition (1.1) & (1.2) it is easy to see [18] that Starlike
functions of order § & Spirallike functions of type [ have some
relationship on geometry. Starlike functions of order 5 map E into
the right half complex plane whose real part is greater than 3 by
mapping %, while spirallike functions of type § map E into the

z) _
right half complex plane by the mapping %. Since,

lim =e

z—0 f(z)
We can deducted that if we restrict the image of the mapping
eBzf'(2) -

7o n the right complex plane whose real part is greater than
a certain constant, then the constant must be smaller than cosf.
Libra [16] introduced & studied the class S given as follows,

Definition 1.3. Let ¢ € [0,1], -w/2 < /2 & f € S then, f € Sg
if and only if,

R{ e }>5 B zeE (1.5)

The ' determinant for g > 1 and n > 0 is stated by Noonan
and Thomas [10] as,
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Qn, Apt1 - Aptqg-1
Qp+1 Qpyo  * Qptq
Hy(n) = .
Uptq—1 Qntq " QAnt2¢-2

This determinant has also been considered by several authors.
For example, Noorin [20| determined the rate of growth of H,(n)
as n — oo for functions f given by (1.3) with bounded boundary.
Ehrenborg [21] studied the Hankel determinant of exponential poly-
nomials. The Hankel transform of an integer sequence and some of
its properties were discussed by Layman’s article . It is well known
that [1] for f € S and given by (1.5) the sharp inequality |az — a3| <
1 hold. This corresponds to the Hankel determinant with q = 2
and k = 1. After that, Fekete-Szego further generalized the esti-
mate |a3 — pa3| with real 4 and f € S. For a given class of function
in A, the sharp bound for the non linear functional |asay — a?| is
known as the second Hankel determinant. This corresponds to the
Hankel determinant with q = 2 and k = 2.

For the function f & g € A given by the series,

f(z) = Zanz” & g(z) = anz" z€eE (1.6)
n=0 n=0

The Hadamard product of f & g denoted by f * g is defined as,

f*xg= Zanbnzn = (9% f)(2) (1'7)

By using the Hadamard product hohlov [12] introduced and studied
the linear operator 12 : Q — Q defined by,

If(2) = oF(a,bic;2)x f(2) feQ z€R (1.8)

where o F (z) known as Gaussian hypergeometric function is defined
by
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o F1(2) = 2F(a,b; ¢; 2) Z In b (1.9)

where (a,b € C,c € C\z5 = {0, — })
Anis the Pochhamer Symbol or Shlfted factorial written in terms
of Gamma Function I" by,

_TA4+n )1 n=>0
D) =5, = AN+ 1D)(A+2) neN={1,2..} (1-10)

Note that o F} is symmetric in a & b and that the series terminates if
at least one of the numerator parameter a & b is zero or a negative
integer. Observe that for the function f of the form (1.1) we have,

1% f(2) 4—253 2" (1.11)

Definition 1.4 (16). A function f € A is said to be in the class of
Sab(B,6) (18] < 7/2,0 < § < 1) if it satisfies the inequality,

i,@]a,b
R{ec—f(z)} > dcos 3 (1.12)
z
Definition 1.5. Let P be the family of all functions p analytic in
E for which, R{P(z)} >0 & P(z) =1+ C, + Cy + ..., z€ E.

fe s (B,0)
o B I?’bf(z)

z

=[(1 =0)p(z) + 6] cos f +isin (1.13)
where (5 is real, |5| < 7/2 € p(z) € P. We note that,

(2)
f(z)

S0(3,6) = {f feAd & R{eiﬁ }> 50085} (1.14)
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Swwﬁy:{ﬁfeA & R%@N@}>6mwﬁ (1.15)

S71(0,0) = 51(0,0) = 55(0,0)
:R:{ﬂfeA &<Mf@}>@

Janteng, Halim and Darus [3] have considered the functional

(1.16)

lasay — a?| and found a sharp upper bound for the function f in
the subclass RT of S consisting of function whose derivative has a
positive real part studied by MacGregor [11]. In their work they
have show that if f € RT then |asay — a3| < g. Janteng et al obtain
the second Hankel determinant and sharp upper bounds for the
familiar subclass of S, namely starlike and convex functions denoted
by ST & CV and showed that |asas — a3| < 1 and |agas — a3| < 3
respectively.

Aabed Mohammed and Maslina Darus [1] for some recent work
[2][3][4][5] obtained sharp upper bound to the second hankel deter-
minant for the class of analytic function defined by linear operator.
Motivated by the above mentioned results by different authors in
this direction. In this paper we generalized the results by finding
sharp upper bounds for Hy(2) for f in S (3,0) defined by Hohlov
Operator.

2. PRELIMINARIES & NOTATIONS
Lemma 2.1. If the function p € P is given by the series,
p(2) =1+piz+pz®+...
then the following sharp estimate holds,
k| <2 k=1,2,...
Lemma 2.2. If the function p € P is given by the series then,

2p2 = pi + x(4 — p?)
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Aps = pi +2p1(4 — p})z — pi(4 — p)a® 4+ 2(4 — p7) (1 — |z]*)2

for some z,z, |x| < 1, |2| < 1.

3. MAIN RESULTS

Theorem 3.1. Let the function f given by (1.1) be in the class S&°

(B,9) then,

16c*(1 — 0)*(c+ 1)%cos? 8
a?b?(a+1)2(b+1)?

|azay — aj| <

Proof. Let f € S®" (3,0) then,
p € P is given by (1.12) then

) Ia,b
ez,@ c f (Z)
z

+0](cos B + isin f)

Comparing the coefficients, we get,

ew%az = (1—0)picosf3

X P — (1 —d)pycos B
o ab

2¢(c+1)(1 —6)pacos B

B _
s ¢ abla + 1)(b+1)

g _ Oc(c+1)(c+2)(A - d)pscos 3

X = T D)@ 2G T )61 2)

= [[1 —d|p(z) + (5} (cos f +isin )

(3.1)
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6¢?(1 — 6)*p1ps cos® Bc+ 1)(c + 2)
2R+ D(a+2)(b+ (b +2)

A (e + 1)%(1 = 6)%p3 cos® B
a?b?(a+1)2(b+ 1)?

(3.7)
(1 —0)*(c+1)cos’B| 6(c+ 2)pips
o a(a+1)(b+1) |(a+2)(b+2)
A+ 1)p3
(a+1)(b+1)
Il

Since the function p(z) and p(e?) (§ € R) are members of the
class p, simultaneously we assume without loss of generality p; >
0 for convenience of notation. We take p; = P, p € [0,2| by using

lemma,

2 _ (1 —06)%(c+1)cos? 8

o 6(c+2) 27_4 4 M_
204 — Q3 a2b?(a+1)(b+1) |(a+2)(b+2)\ 4 2
p2(4 —4]72)1‘2 n 2])(44— p2) (1 B ’l"22)>

4(c+1)
(a+1)(b+1)

P+ 2p%(4 — p?) + 2% (4 — p2)2] |
4
(3.8)

An application of triangle inequality and replacement of |z| by y
gives,
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lasas — 2| < (1 —6)*(c+1)cos® B { 6(c+2)
= e+ )b+ 1) (a+2)(b+2)
(5 + o P A )]

(c+1)

+mp+2py(4 P’) + 92 (4 —p? ]

—G(py) 0<p<z 0<y<l

We maximize the function G(p,y) on closed rectangle [0,2] x [0,1]

since,

0G (1 =0)*(c+1)cos®

( 6(c +2) ) (4 —p*)2p
(

sy a2(a+1)(b+1) a+2)(b+2) 2
C2p%y(A—p") 294 -—pp A(c+1)
4 2 @+ 1)(b+1)

[2192(4 —p°) +2y(4 - p2)2}
4

G(p,1) = F(p)

_ (1 —0)*(c+1)cos® B c+2 P 3, N
T @@+ 1)(b+ 1) { ((a+2)(b+2))1+1p (4_p)]

pt+2p*(4 —p?) + (4 —p2)2] }

4(c+1)
A TES )

4

F(p) = (1 —6)*(c+1) cos? ﬁ{

6(c+2) (@ EC 4p3)>

a?b*(a+1)(b+1) (a+2)(b+2)\ 4 4
N 4(c+1) 4p® + 16p — 8p3 + 2(4 — p?)2p
(a+1)(b+1) 4

(3.10)
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Where, F'(p) < 0,0 <p <2, p=0,F(p) >F(2)

Mazxo<p<o F(p) occurs at p = 0. .. Upper bound (3.10) to y =

1, P = 0. Hence

[1]

2]

[3]

[4]

[5]

[6]

[7]

16¢*(1 — 60)(c + 1)? cos? 8
a?b?(a+1)2(b+ 1)?

|azay — aj| <

(3.11)

Remark: For 3 =0, =0,a=c=1,b =2, [asas —a}| < 3.
We get a recent result due to the Janteng et al. |3]
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