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Abstract:

The paper describes an EMQ (Economic Manufacturing Quantity ) model for a deteriorating item
considering time-dependent demand. The deterioration rate is a constant fraction of the on hand inventory
and we have considered three types of demand like, quadratic, exponential and stock dependent. Here our
objective is to determine optimal product reliability and production rate that achieves the maximum profit
for an imperfect manufacturing process. We use the Euler-Lagrangin method to find the optimal solution
for product reliability parameter and dynamic production rate. It is then illustrated with the help of
numerical examples.
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1. Introduction:

Formulation of inventory models depends on two important factors , deterioration of items and variation in
the demand rate with time. Deterioration of items should not be neglected for all items. Some items like
foodstuff, pharmaceuticals, chemicals, blood, fish, radioactive chemicals and food grains etc. undergo
deterioration. Many models for dealing with deteriorating items have been proposed over the past several
decades. Researchers like Aggarwal (1978), Dave and Patel (1981), Roychaudhuri and Chaudhuri (1983),
Dave (1979), Bahari-Kashani (1989), Wee(1995), Hariga (1996a, 1996b), Benkherouf (1995,1997,1998)
etc., assumed that items deteriorate at a constant rate. Covert and Philip (1973) used a two parameter weibull
distribution to represent the distribution of time to deterioration. Philip (1974) generalised the model by
taking three parameter weibull distribution deterioration. Further, Deb and Chaudhuri (1986), Giri, Goswami
and Chaudhuri (1996), Ghosh and Chaudhuri (2006), Sana (2010a, 2010b) etc. ,considered time-
proportional deterioration.

Many inventory models have been developed considering linear, exponential and quadratic time dependent
demand. Some goods are there whose demands con-tinue to be inde nitely large for long time. For example,
spare parts of new aero-planes, computer chips of advanced computer machines, mobile phones, newly
launched fashionable products in super market etc.. Here demand can be represented by an exponential
function of time. Some inventory models developed in this region by Goswami and Chaudhur i(1991) and
(1992), Chakraborty and Chaudhuri (1997), Giri and Chaudhuri( 1997) etc.On the other hand some
inventory models have been developed considering quadratic time dependent demand rate. This type of
demand used in the models of Khanra and Chaudhuri (2003), Ghosh and Chaudhuri (2006), Manna,
Chaudhuri and Chang (2007) etc.. Some modelers developed their inventory models consider a stock
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dependent demand. The works in this area have been by Shah and Jaiswal (1977), Urban (1995), Reddy and
Sarma (2001), Sana and Chaudhuri (2004), Zhou and Yang (2004) etc.

Many researchers have extensively discussed various types of inventory models considering perfect and
imperfect quality products. All manufacturing items that produced in a production system are, not all of
perfect quality. The imperfect quality items are processed to make it perfect, and for that a cost is required.
This cost, known as rework cost depends product reliability parameter and production rate. Chang (2004)
investigated the inventory problem for imperfect quality. There he proposed two fuzzy models, considering
defective production rate and annual demand. Sana et. al(2003, 2004)developed a volume flexible inventory
model in an imperfect production process. Considering imperfect production system, an economic
production lot size model developed by Das Roy and Sana, S. (2011), which is the extension of the model of
Khouja and Mehrez (1994).

In our paper, we have extended the model of Deb Roy (2011) by considering a pro-duction inventory model
over a nite planning horizon in an imperfect production process. The demand rate and production rate varies
with time. We consider three types of demand like quadratic, exponential and stock dependent demand. The
inventory is assumed to deteriorate at a constant rate and shortages are not allowed here. The solution
procedure of the model is illustrated with the help of numerical examples.

2. Assumptions and Notations:
The following assumptions have been used in developing the model:

1. This model is developed only for a single item in an imperfect production process. In this process,
two types of goods are produced; one is perfect quality and other is imperfect quality (defective).
A cost is charged for rework/disposal of the defective items.

The deterioration at time t is considered as a constant.

The initial and terminal inventory level is zero.

Unit production cost is a function of product reliability parameter and production rate is p(t).
Demand at time t is considered as the increasing function of time.

. Time horizon is finite.

The inventory model is developed considering the following notations.

Q(t): on-hand inventory at time t >0.

Q(t): derivative of Q (t) with respect to time t.

f (t): demand at time t>0.

p (t): production rate at time t.

6: product reliability parameter.

O min: Minimum value of 6.

Omax- Maximum value of 6.

V (0 ): development cost for production system.

A: The fixed cost like labor and energy costs which is independent of reliability parameter 6.
B: The cost of technology, resource and design complexity for production when 6= 6,,,,,.
K: Represents the difficulties in increasing reliability, which depends on the design complexity,
technological and resource limitations, etc.

12.  C;: Material cost per unit item.

13.  a: Variation constant of tool/die costs.

14.  C(8; t): Production cost of unit item.

15.  W: selling price per unit item solType equation here.d.

16.  Cy: Inventory holding cost per unit per unit time.

17. R: rework/disposal cost per defective item.
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18. &: r-i, where r is the interest per unit currency and i is the inflation per unit currency.
19. L: the length of production {inventory cycle.

3. Formulation of the model

Most of the production system produces perfect and imperfect quality items. Here 6 represents product
reliability parameter. The smaller value of provides better quality product. In this paper we refer to the
model presented by Shib Sankar Sana (2009), in which the development cost for production system is
modeled as

V(6) = A + B ekOmax=6)/(0~8min) )

Where 6 is the product reliability parameter. Here, A is the fixed cost like labor and energy costs which is
independent of reliability factor 6, B is the cost of technology, resource and design complexity for
production when 6=6,,,,,..The constant K represents the difficulties in increasing reliability, which depends
on design complexity, technological and resource limitations etc. improves resource coordination should
translate into a greater ability to satisfy demand with customized responses by making better use of
inventory. When 6 dType equation here.ecreases the product becomes more reliable, the development cost
increases. We assume that the value of 8 lies in the interval [ 6,,in, Omax]- We consider the unit production
cost as,

V()

C6,t) =C, +—=+ ap(t) 2
Where C; is the material cost per unit which is fixed, % is the development cost which is equally

distributed over the production p (t) at time t, ap(t) is tool/die cost which is proportional to the production
rate.

v®)
a

Here, C (6, t) is minimum at p(t)= . At time t=0, the inventory cycle starts with zero inventory and

ends with zero inventory at time t=L. The production level and inventory during time span [0, L] is given as,

do(®)
dt

+yQ(t) =p(t) = (1) (3)

with Q(0) = 0 and Q(L) = 0. Here, y is the deterioration rate which is constant over time. The total profit
considering deterioration, inflation and time value of money is

L
w= [ e - COPOIO - G - RO ~ WY (#)
0
Therefore, using equation (2) and equation (3), the profit function, without inflation becomes

L 14C
T = fo e~ 0t {(W —C, — % — ap(t)) p(t) — C,Q — ROp(t) —yWQdt

L
- f et {W — ¢, — ROP(©) — C1Q — V(8) — a(p(D))’ —yW Q) dt
0
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L
= f e-&{(w —C,—RO(Q+7Q+f)—CrQ -V —a(Q+yQ+ 1)’ — yWQ}dt
0

_ JO 5000, 0)dt ®)

Where,

0(0,0,t) = e W — €, —RO(Q +¥Q +f) = CuQ — V() —a(0 +7¥Q + )" —vQw

= e % {—aQ? + (W — C, — RO)Q — 2ayQQ — 2afQ — (C,y + ROy + 2ayf + C,)Q

—ay?Q* + (W — G, = ROf =V (60) — af?} (6)

Here, our objective is to find the optimal value of Q (t) and p (t) such that = is maximized.

The Euler-Lagrange's equation for the maximum value of 7 is

d (00\ 09

#l56) 70 @
Where,
j—g = e~ (—2aQ + (W — C, — RO) — 2ayQ — 2af}

@
aq

From equation (7) we have

= e~0(=2ayQ — (G,;y + ROy + 2ayf + Cy) — 2ay?Q}

0—8Q—2+y5)Q =—w(t) (8)

Where, w(t) = f = 8f + - (W — C, — RO)S — — (C,v + ROy + 2ayf + Cy)

The solution of the equation (8) is given by

1
[D2-6D—(y2+68y)

Q(t) = Xe vt + Yelr+ot 4 ] (—w(t) 9)

where, X and Y are constant and —w(t) is given by

)
1 (¢, + RO) (10)

() = (B +Nf ~ f + 2 (G~ WQ) +

Casel: When the demand is quadratic function of time and of the form f(t) = a + bt + ct?,
b, ¢ >0, a+0.
From equation (9) we get

b+2ct Wé&-Cp, 1
y2 2a(y2+6y) 2ay

Q(t) = Xe 7t 4+ Yelr+oX —]l/(a + bt + ct?) — ;—‘; + (C, + RO) (11)

Using the condition Q (0) =0 and Q (L) =0 we have
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ay?-by+2c _ Wé—ch
y3 2a(y?+8y)

_ 1
X+Y= + 52 (C + RO) (12)

and

ayz+bLy2+cL2y2+2c—by—2cLy_ Wé-Cp, +L(CT+R9) (13)

—-vL y+86)L —
Xe tYe y3 2a(y%2+8y)  2ay

Solving equation (12) and (13) we have,

_ 1 ay?—by+2c —yL _ 1y _ bLy®+cL?y?-2cly  Wé&-Cp —yL _

Y - (e—}’L—e(Y+6)L) [ 73 (e 1) .y3 2(1(Y2+5y) (e 1)
Cr+RO _
(;Ty)(e vl 1)] (14)

And from this value of Y the value of X can be obtained from equation (12) as

ay®-by+2c  W8-Cy (Cr+RO)
y3 2a(y2+8y) 2ay

X = (15)
Now from equation (11), we will get the value of Q (t) and the value of p(t) is obtained from equation (3).

The profit function () can be obtained from equation (5). This profit function (8) has maximum value if

dm d?m
0 Oandﬁ< 0.

Case 2: when the demand is exponential function of time and of the form f(t) = ae®t,a,b > 0.
From equation (9), we get

(5+y)(aebt) _ abebt Wé—Cp 1
(b2-b&-y2-y8)  (b%2-b6-y2-y6) 2a(y2+ys) 2ay

Q(t) = Xe ¥t 4+ Ye+dt 4 (C, + RO) (16)

Using the condition Q (0) =0 and Q (L) =0 from equation (16), we get,

-5 & _ _Wé=Cn
X+Y= 2y (C.+RO) + by 220 24yd) a7
and
VL 4 ye+8)L = L aelt __Ws—Cn
Xe " +Ye oy (C, + RO) + o) ZatrEeD) (18)
Solving equation (17) and equation (18), we get,
B 1 (C-+RO) | ws—¢C, ., Ws—Cp .,
T (eVL — er+o)L) [ 2ay (e D 2a(y2 +y98) (e 2 2a(y?* +v9) (e %
a(e—yL_ebL)
b+y (19)
And from this value of Y the value of X can be obtained from equation (17) as
-1 __Wé=Cn @ _
X = 2ay (G + RO) 2a(y2+y8)  b+y Y (20)
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Now from equation (16), we will get the value of Q (t) and the value of p(t) is obtained from equation (3).

The profit function (6) can be obtained from equation (5). This pro t function has maximum value if

dm d?m
rrim 0 and 202 < 0.

Case 3: When the demand is dependent on the level of inventory and of the form
f(t) =a + bQ(t), a, b > 0.
Then, the profit function m is given by

L
™= f e~%t {(W —C.—ROQ+YQ+ )= V(©®) —a(Q+yQ +f)" — (Cy + yW)Q}dt
0

L . .
= f e 9 [—aQ? + {(W — C, — R6) — 2aa}Q — 2aa(b +¥)QQ
0
HO+VW = C, —RO) — C, —yW — 2aa(b +¥)}Q — a(b +y)*Q?
—aa? —V(0) +a(W — C,. — RO)]dt
= [, 9(0,Q,t)dt 21)
Where,
0(Q,Q,t) = e~ % [—aQ? + {(W — C, — R) — 2aa}Q — 2aa(b +¥)QQ
H®+ Y)W = C —RO) — C, —yW — 2aa(b + 1)}Q — a(b +y)*Q”

—aa?—-V(@) + a(W — C, — RO) (22)
Now, the Euler-Lagrange's equation for the maximum value of 7 (8) is

d (00 00
#(53)-55=" @)

Using equation (22), equation (23) reduces to

0—86Q—b+Vb+5+7)Q = w(®) (24)
where,
w(t) = a8 —— W —C. —ROYDb+6+y) +—(C +YW) +a(b +7) (25)

The solution of equation (24) is given by

— yo(b+5+y)t -+t _ @ | W-G—RO) ChtyW
Q(t) Xe tYe b+y + 2a(b+y) 2a(b+y)(b+y+6) (26)

Using the condition Q (0) =0and Q (L) =0 we get,
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a (W—-C,—R06) Cp+yw

X+Y= m 2a(b+y) 2a(b+y)(b+y+6) (27)
and
(b+8+y)L b+l — @ _ (W-Cr—RO) CptyW
Xe tYe b+y 2a(b+y) 2a(b+y)(b+y+6) (28)
Solving equation (27) and equation (28), we get,
_ 1 (b+8+Y)L _ a (W—-Cr—R0) Ch+yw
Y e(b+8+y)L_e—(b+y)L [e 1] [b+y 2a(b+y) 2a(b+y)(b+y+6) ] (29)

From this value of Y, the value of X can be obtained from equation (27) as

a (W—-Cy—R0) Ch+yw
b+y 2a(b+y) 2a(b+y)(b+y+6)

= (30)
Now from equation (26), we will get the value of Q (t) and the value of p(t) is obtained from equation (3).
The profit function (6) can be obtained from equation (5).This profit function has maximum value if

dm d?m
0 Oandﬁ< 0.

4. Numerical Examples

Example 1 (When demand rate is a quadratic function of time): Letthe parameter values of some products
area=200,b=10,c=5, a=$0.01, y=0.02; L = 12, r = $0.16; i = $0.14, A = $200, B = $300, C, = $25; R =
$15; W =$80; Ch = $2.0, O,in = 0.1; 6,0, = 0.9; k = 0:5 in appropriate units. Then the optimal profit
becomes m*= $214879. This maximum value is attained at 8 =0.336714. The graph (Fig. 1, Annexure-1)
shows that profit is concave function of 8. So, the obtained solution is a global maximum solution.

200000
180000

1€0000

Example 2 (When demand rate is a linear function of time): Considering the values of all the cost and pro t
parameters as same as Example 1 but taking c=0, we get the maximum profit becomes = 7* =$190365. This
maximum value is attained at #=0.336714. The graph (Fig. 2, Annexure-2) shows that profit is concave
function of 6. So, the obtained solution is a global maximum solution.
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Example 3 (When demand rate is exponential function of time): Let us consider the values of all cost and
profit parameters same as Example 1 with exponential demand function f(t) = ae?®, where a=100 and
b=0.25. Then, the maximum profit becomes = *$220450. This maximum value is attained at 6=0.317. The
graph (Fig. 3, Annexure-3) shows that profi is concave function of 8. So, the obtained solution is a global
maximum solution.

220000
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180000
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Example 4 (When demand rate is linear function of inventory): Let us consider the values of all cost and
profit parameters same as Example 1 with linear demand function f(Q) = a + bQ, where a=200 and b=5.
Then, the maximum profit becomes = 7*$653183. This maximum value is attained at #=0.256909. The
graph (Fig. 4, Annexure-4) shows that profit is concave function of 8. So, the obtained solution is a global
maximum solution.
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5. Conclusion

While considering inventory models, two questions among the researchers have been growing interest,. One
is deterioration and the other is the variation of demand function. When any firm or industry produces some
products, they always try to manufacture all items of perfect quality. But instead of using all modern
technology, sometimes industry or firm fails to produce all items of perfect quality. Sometimes defective
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quality items are reworked at some cost to restore its quality to the original one. The rework cost can be
minimized by reducing the product reliability parameter. But the reduction of product reliability parameter
gives rise to the development cost of production. Higher development cost in-creases unit production cost.
In the present model we have obtained the optimal value of the product reliability parameter. This ensures
that the profit function has unique global maximum value at some optimal value of product reliability
parameter.

This paper can be extended in many ways like considering time-varying deterio-ration on optimal policy or
considering multi-item EOQ model.
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