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Abstract

A (nm) graph G =(V,E) is said to be Cubic Harmonious Graph(CHG) if there exists an injective
function £:V(G)—{1,2,3,........ m®+1} such that the induced mapping f "oy E(G)— {132°.3%.......... m’
defined by f*chg (uv) = (f(u)+f(v)) mod (m*+1) is a bijection. we have proved that star and

bistar related graphs are cubic harmonious.
Keywords Bistar graph , Cubic harmonius labeling, Cubic harmonious graph, Star graph,.

. Introduction

The study of graceful graphs and graceful labeling methods was introduced by Rosa[11]. Rosa defined a B-
valuation of graph G with m edges as an injection from the vertices of G to the set {0,1,2,3,........ ,m} such
that when each edge xy is assigned the label | f(x)-f(y) |, the resulting edge labels are distinct. - Valuations
are the functions that produce graceful labeling. However, the term graceful labeling was not used until
Golomb studied such labeling several years later[5]. Graham and Sloane[4] defined a (n,m)- graph G of
order n and size m to be harmonious, if there is an injective function f: V(G) — Z,,,where Z,,, is the group
of integers modulo m, such that the induced function f~ : E(G)—Z,, defined by f *(uv) = f(u) + f(v) for each
edge uv € E(G) is a bijection. Square harmonious graphs were introduced in [12]. Cubic graceful graphs
were introduced in [7]. Cubic harmonious graphs were defined in [8]. Throughout this paper we consider
simple, finite, connected and undirected graph.

Definition 1.1

The path on n vertices is denoted by P;,.

Definition 1.2

A complete bipartite graph K, , is called a star and it has (n+1) vertices and n edges

Definition 1.3

The bistar graph Bn, is the graph obtained from a copy of a star K;, and a copy of star Ky , by joining the
vertices of maximum degree by an edge

Il. Main Results

Theorem 2.1

The graph obtained by the subdivision of the edges of stars of the bistar B,,, ,, is a cubic harmonious for all
m, n >2.

Proof :

The vertex set and the edge set of the bistar B,y, ,, is defined as follows:
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V(Bun)= vrus; 1<r<m+1 ,1<s<n+1
and E(Bnn)= VVmit Vms1Unin Uslhns; 1<r<ml<s<n
Then  |V(Bpn) | = m+n+2 and |E(Bnpn)| = m+n+l

Let G be the graph obtained by the subdivision of the edges of stars of B, ,,. Let a, divide vvp+1 for 1< r
<mand bs divide usun+; for 1< s < n. Then the vertex and edge set of G are given by

VG)= {VnUs; ISr<m+1,1<s<n+l } U {a,bs;1<r<m,1<s<n}

and
EG)= {aVme Vrar; 1Sr<m3}U { VpsiUnss JU { bsUpeushs 3, 1<s<n
[V(G)| = 2m+ 2n+2
|[E(G)| = 2m+ 2n+1
For all cases m<n, m=n, m>n, we define an injection f: V(G) —{ 1.2,........2m+2n+1)°+1} by

f(Vime1) = (2m+2n+1)°+1;
f(Uns1) = 2m+2n+1)°

f (ar) = @m +2n +1— 1)’ +2m+2n+1)°+1-f (V405 1<r<m
fO) = (m+n - r+1)°>+@2m+2n+1)°+1-f (ay; 1<r<m
f(bs) = (M + 2n - s+1)° +2m+2n+1)°+1-f (up41);; 1<s<n
fu) = (n-s+1y°+@m+2n+1)°+1-f (bg); ; 1<s<n

The induced edge mapping are

f *(Vm+1 Un+1) = (2m+2n+1)3;

f7@Vme) = 2m+n+1 =1 1<r<m
f*(Vrar) = (m+n—r+1)3; 1<r<m
f (bsuns1) = (2m+2n —s+1)%; 1<s<n
frusbs) = (n —s+1); 1<s<n
The vertex labels are in the set {1,2,3,........ (2m+2n+1)% +1}.Then the edge labels are arranged in the set
{13233 .. (2m+2n+1)*}. So the vertex labels are and edge labels are also distinct and cubic. So

the graph G is cubic harmonious for all m,n > 2.

Theorem 2.2

The graph obtained by the subdivision of all edges of the bistar B,, ,, is a cubic harmonious for all m, n
>2.

Proof :
The bistar B,,, ,, contains (m+n+2) vertices and (m+n+1) edges.

So,
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V(Bun) = vrus; 1<r<m+1
1<s<n+1

and E(Bnn) = VVmit Vms1Unis Uslns; 1<r<ml<s<n

Let G be the graph obtained by the subdivision of all edges of the bistar B,,, ,,. Let a, divide vivp.i for 1<r
<mand bs divide usun+1 for 1< s < n. Let ‘w’ divide vin+1Un+1 Then the vertex and edge set of G are given

by

VG)= {vnhUs; I<Sr<m+1,1<s<n+l} U {a,bs;1<r<m1<s<n} U { w}
and

EG)= {avmyViar;1<r<m} U {WVpig Wunsr } U { bsUnsg Ushs; 1< s<n}
So, [V(G)| = 2m+ 2n+3
|E(G)| = 2m+ 2n+2
For all cases m<n, m=n, m>n, we define an injection /: V(G) —{ 1,2, .........2m+2n+2)°*+1} by

f(Vime1) = (2m+2n+2)*+1=8(m+n+1)3+1;
f(w) = 8(m+n+1)°
fUn+1) = (2m+2n+1)°+1

f (ar) = (2m +2n +1— 1)> +8(M+n+1)*+1-f (Vp41; 1<r<m
f) = (m+n - r+1)*+8(m+n+1)°+1-f (ar); 1<r<m
f(bs) = (M + 2n - s+1)° +8(M+n+1)°+1-f (up41y;; 1<s<n
f(u) = (n - s+1)°+8(m+n+1)°+1-f (by; ; 1<s<n

The induced edge mapping are
£ (Ve W) = 8(m+n+1)%;

7 (Wupes) = @m+2n+1)%

f(arVm) = (Cm+2n —r+l)%; 1<r<m

f (va) = (m+n —rtl)*; 1<r<m

f (Uns1bs) = (m+2n+1-s)°; 1<s<n

F(bsus) = (n+1-s)%; 1<s<n
The vertex labels are in the set {1,2,3,........ (2m+2n+1)% +1}.Then the edge labels are arranged in the set
{18283% ... (2m+2n+1)%}. So the vertex labels are and edge labels are also distinct and cubic. So

the graph G is cubic harmonious for all m,n > 2.

Theorem 2.3

The graph obtained by the subdivision of the edges of the path P, incomb B, ® K; is cubic harmonious
foralln > 2

Proof:

Let G be the graph obtained by the subdivision of the edges of the path P, incomb P, @ K;.
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Let V(G) =( v u; I<r <n,
{ Zs ; I<s <n-l
and
E(G) = Vr Zr, Zr Vsl s I1<r< n-1
{ Vs Us, ; ISs <n
So [V(G)|] = 3n-1 and |[E(G)|] = 3n-2
Define an injection f: V(G) — {1,2,3,......... ,(3n-2)%+1} by

f(vi) = (3n-2)°+1
flz) = (3n-2)°;

f(vi+1) = (3n-2r-1) 3+ (3n-2)°+1-z, ; 1<r< n-1

f(z) = (3n-2s)3+ (3n-2)°+1—f(vy) ; 1<s< n-1

f(u) = rP+ (Bn-2)%+1-f(v,) ; 1<r<n
Then f inducesa bijection f": E(G)— {132%3°%......... (3n-2)*}.

The edge labels are as follows.

f (wz)= (3n-2r)3 1<< n-1
f(2zeVe) = (3n-2r-1) % 1<r< n-l
f*(VrUr) = (r)g; 1<r<n
The edge labels are distinct and cubic, they are {13233%.......... (3n-2)°*}.

Hence the theorem.

Theorem 2.4

The graph <Sp:n> is a cubic harmonious forall m,n > 1.

Proof:

Let {u, Ups .. Uor, Uig,Uz2 . Uss UprUzs . Uss........ Urs} be the vertices of the ' copy of the star Sy, in

<Sm: N> where Uy is the centre of vertex of thestarfor 1< r <n, 1< s <m

LetV (G) = u, Uy, Ups; 1<r<m1<s<m
and E (G) = ( uuyy; 1<r <n
UorUys; 1<r<nl<s<m
So |V(G)| = n(m+1)+1 and |[E(G)| = n((m+1)
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Define an injection  f:V (<sp:n>)— {12, .... ..., n (m+1)*+1} by

f(u)=n(m+1)°+1

f(Uor) = [n(m+1)-r+1]3; 1<r<n
f(Us) = [m(n-r+1)-(s-1)]° +n(m+1)*+ 1-f(u,,); 1<r<nl1<s<m ;
Then f induces a bijection f”: E (<sy:n) — {13,23 .......[n (m + 1] + 1}

The induced edge labels of the given graph G are as follows:

f* (Ulor) = [N(m+1)-r+1]3; 1<r<n

3
;

f* (uOr Urs) = [m (Tl -Tr + 1)— (S - 1))]
The edge labels are distinct and cubic. Hence the graph <sp:n> is a cubic harmonious
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