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Abstract 

In this paper the diffusion equation is solved by separation of variable method and analyzed Frobenius 

infinite series approximation. Finally, I have written a computer program using Turbo C++ and simulate the 

method for several case of interest. I have observed that theoretical findings support the numerical result that 

I have obtained 
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1 Introduction 

An Introduction to Haemodialysis is designed to provide us with information about haemodialysis as a 

kidney disease treatment option. 

Most people are born with two kidneys, each growing to the size of our fist. Your kidneys are bean shaped 

and are positioned near the middle of our back, on either side of our backbone. Our kidneys are part of the 

body’s urinary system. 
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                              Fig 1 structure of kidney 

One of the main functions of kidneys is to maintain the chemical balance of blood by excreting the waste 

products such as urea, creatine and uric acid in the blood stream. If kidney fails to purify the blood, the 

impure blood must be purified by external device. The uremia is then removed from it with the help of an 

external device known as a Haemodialyser, and the purified blood is returned to the body. This process is 

known as the dialysis of blood.   

Sometimes kidney function can change quickly. For example, our kidneys may stop working properly 

because of a sudden loss of large amounts of blood (e.g., during surgery) or as a result of an accident, illness 



 

Jemal Ebrahim                                               www.ijetst.in Page 5283 
 

IJETST- Vol.||04||Issue||06||Pages 5282-5292||June||ISSN 2348-9480 2017 

or infection. A sudden change in kidney function is called acute kidney injury. This is often temporary but 

can occasionally lead to lasting kidney damage. At this time we need an artificial kidney (hemodialysis). 

The first human hemodialysis was performed in a uremic patient by Haas in 1924 at the University of 

Giessen in Germany. He used a tubular device made of collodion immersed in dialysate solution in a glass 

cylinder. Haas was able to calculate that the total non-protein nitrogen removed was 2,772 g. He also 

showed that the presence of some uremic substances in the dialysate and that water could be removed from 

the blood. In 1928, he first used the anticoagulant, heparin. In 1937, the first flat hemodialysis membrane 

made of cellophane was produced, which is produced in similar manner to cellulose, but dissolved in alkali 

and carbon disulfide. The resulting solution is then extruded through a slit and washed multiple times to 

obtain a transparent semipermeable material. 

Willem Kolff from the Netherlands was one of the first investigators interested in the role of toxic solutes in 

causing the uremic syndrome. In 1940, while taking care of casualties after the German invasion of the 

Netherlands, his interest in acute renal failure further increased and in 1943 he introduced the rotating drum 

hemodialysis system using cellophane membranes and an immersion bath and the first recovery of an acute 

renal failure patient treated with hemodialysis was reported. This was the beginning of what was to become 

an important clinical reality: artificial renal substitution therapy. 

Significant improvements in dialyzer and equipment design occurred during the 1940’s and 50’s. Nils 

Alwall developed a new system with a vertical stationary drum kidney and circulating dialysate around the 

membrane. He was also responsible for applying hydrostatic pressure to achieve ultra filtration. Kolff in turn 

developed the coil dialyzer using a tubular membrane wrapped around a solid core for use with a single pass 

dialysis fluid delivery system. This was followed by the twin dialyzer with twin blood pathways, the first 

disposable hemodialyzer. In 1960, Kiil developed the plate dialyzer that could be reassembled. The system 

consisted of multiple polypropylene boards supporting flat cellulosic membranes. This parallel flow kidney 

could be used without a blood pump due to its low resistance. 

A new phase in clinical hemodialysis started with the introduction of the Quinton and Scribner AV shunt in 

1960.  They used silastic tubes fitted with Teflon tips into the radial artery and cephalic vein in the wrist or 

the posterior tibial artery and saphenous vein at the angle as an arterio-venous shunt. The two tubes ended in 

expanded couplings to facilitate connection. This shunt provided for the first time continuous circulation of 

the blood when the patient was not attached to the machine, effectively eliminating clotting and provided 

ready access for repeated long-term hemodialysis, opening the door to chronic renal replacement therapy. 

The next significant advance in vascular access occurred later in the 1960s when Cimino and Brescia first 

described their native arterio-venous fistula for chronic vascular access. These fistulas are generally created 

by an end-to-side vein-to-artery anastomosis. A mature native A-V fistula is by far the safest and longest 

lasting vascular access for hemodialysis. 

A Haemodialyser, sometimes called an Artificial Kidney, is regarded as a concentric circular duct   (Fig. 2). 

Blood flows on the inside and outside, the flow called dialyzate which is a solution of some chemicals in 

water, flows. The wall of the inner cylinder is a semi-permeable membrane that allows urea to diffuse 

through it. During the process of flow in the duct, blood loses urea which permeates through the duct wall 

into the dialyzate. By maintaining a continuous supply of fresh dialyzate, the concentration of urea in the 

dialyzate is maintained lower than that of the blood.            
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                                                                                           Blood   

            Fresh supply of dialyzate                                                                                              

                                                                                                                            Blood into the body             

   Blood from body                                                                                        removal of used dialyzate  

                                                         Semi-permeable membrane 

                                            Fig. 2 circular duct Haemodialyser 

2 Basic diffusion equations 

We have the basic partial differential equation is the diffusion equation given by  

          i.e.   
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where            is the concentration urea in the blood and             is the velocity of the flow. If we 

assume steady state (   
  

  
   ) laminar flow and maximum velocity in a straight duct, then equation (1) 

becomes: 
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   Where        is the concentration of urea in the blood at a point (r, z),    is the maximum velocity, R is 

radius of the duct and D is the diffusion coefficient. 

If we neglected the longitudinal diffusion term, equation (2) simplified to:  

                        
   

   
  

 

 

  

  
        

  

  
 
  

  
             .     .     .     .   (3) 

Now to solve equation (3), we have the following boundary conditions: 

1. Flow symmetry about the axis and finite concentration at r = 0, which give 

                
  

  
                     .    .    .      .    .     .     .      .    .   .    (4)  

      2.  Assumption of constant entry concentration, which gives 

                      at z = 0                             .  .    .    .    .   .    (5) 

      3. Assumption of constant permeability P and constant    in the dialyzate which yields 

              
  

  
 =                             .    .    .    .     .     .   (6)  

Introducing the non-dimensional quantities 
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 Now differentiate    with respect to r twice, we have  
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Substitution in the above equation, we get 
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Also differentiate      with respect to  , we have 

            
   

  
 

 

      

  

  
    

  

  
         

   

  
        

                 
  

    
 

   

    
         

    

 
    

  Substitution gives 
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Now substituting in (8), (9) and (10) in equation (3) 
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From equation (4), at     becomes 

                
  

  
 

      

 

   

   
      

   

   
       

From equation (5),     
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From equation (5), at     
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  Then the system of equation (3) – (6) becomes 

    

    
+  

    

  

   

   
          

   

   
                            .   .    .     .     .     .    .       (11) 

                                              .       .    .      .   .       .    .   (12) 

   

   
                                                .       .     .   .    .     .           (13) 

 
   

   
                                        .     .    .      .       .            (14) 

Where       
  

 
  is called the Sherwood number.  

To solve equation (11) subject to the boundary conditions (12) – (14), we use separation of variables 

method. 

3 Method of separation of variables  

We assume a solution of the form                       

Substitution in (11) gives  

   

    
   

 

  

  

   
           

  

   
 


   

     
  

 

   

  

   
 

        

 

  

   
             

 
  

    
      

 
  

   
         

           
    

Hence the general solution is of the form 

                
   

    
                .     .      .      .      .      .      .      .    (15) 

where       are the eigen values,       are the corresponding eigenfunctions and      are to be determined 

from the condition of orthogonality of      . 

Substituting equation (15) in (12) – (14), we have   

Then 
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           at              .   .     .     .     .      .      .      .      .     (19) 

Assuming Frobenius infinite series solution for (16):  

            
 
                    .     .      .     .      .      .      .      .       (20) 

Substituting (20) in (18) at      

                 
   

   
          

 
                        

        
    

Hence (18) is satisfied and 

Now differentiate (19) with respect to     twice, we get  
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Substituting (20), (21) and (22) in (16), gives 

                   
       

 

  
            

     

 

       

 

       

 

                                                                               
              

    
          

Multiplying both sides by      , we get  

                   
                 

    

 

    

 

   

 

                                                     
        

      
           

      
             

              
       

        
     

 

   

       
     

 

   

   

 

   

 

              
       

           
   

 

   

          
   

 

   

   

 

   

 

Since one of the series in our last equation begins with    , we need to separate out the terms 

corresponding to           and       for the first and second series respectively before combining 

series: 
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Then  

       
             

                 
       

                 
       

   

            

 

   

   
                   

      

Dividing out the     from each term then yields 

           
      

               
       

               
       

             

 

   

   
                   

    

We have that each term of power series is equal to zero and by choosing      , we get 
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This indicates that for any odd values of m,        

Thus equation (20) becomes   

                                
 
            

is the solution, where the summation is taken only even value of  . 
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So we can solve                 from equation (23) 
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Similarly we can solve               

Now equation (20), becomes 
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Hence by truncating the order six, we have 
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From the boundary condition (19), we can get the value of    by substituting (25) 
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Then substituting (25) and (26) in (19), we get 
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  Let say   
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Thus we get four values of                        

Hence    
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From the equation (17), we can get    by orthogonality condition of    s on the interval [0, 1]. 
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Then substituting the values of    and     into (15), we get 

      

 

   

          
     

                 
                

                
                 

     

 

4 Result and Discussion 

The main result of this study is to know the concentration distribution over the Artificial kidney. To get such 

value of concentration along the cylinder, we fix different values of the value sherwood number,    . 

By using c++ code for our calculation we get the following values represented graphically.  

                 c 

 

                1.0   
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                0.6                            

                0.4                                    

                0.2             

                0.0 

                             0.1     0.2      0.3     0.4      0.5     0.6     0.7       0.8       0.9     1.0                  z 

                               Fig 3.2 concentration for different values of        

For different values of Sherwood number, we get different concentration. As we can from above graph as 

Sherwood number,    , increases the concentration decreases and the concentration decreases when the 

fluid goes from the entrance to the exit. 

References 

1. Bruce R. Munson, Donald F. Young, and Theodore H. Okiishi, Fundamentals of fluid                         

mechanics, Iowa, USA, 1990. 

2. Alexander J. Smits, A physical introduction to fluid mechanics, USA, 1999. 



 

Jemal Ebrahim                                               www.ijetst.in Page 5292 
 

IJETST- Vol.||04||Issue||06||Pages 5282-5292||June||ISSN 2348-9480 2017 

3. Stanley M. Walas, modeling with differential equations in chemical engineering, USA,1991 

4. Murry. J.D, mathematical biology, I: An introduction, Springer, 2002. 

5. Christina Kuttler, Reaction-Diffusion equations with applications, 2011. 

6. J.N Kapur, mathematical models in biology and medicine, India, 1985.  

7. J Mazumdar, Bio-fluid mechanics, Adelaide, Australia, 1992. 

8. Benedum J. Georg Haas (1886-1971): Pionier der Hemodialse (in German). Med Hist J. 

1979;14:196. 

9. Thalhimer W. Experimental Exchange Transfusions for Reducing Azotemia. Use of Artificial 

Kidney for This Purpose. Exp Biol Med . 1938;37 (4 ):641-643. Available 

from: http://ebm.sagepub.com/content/37/4/641.short. 

10. Kolff W, Berk H. De kunstmatige nier: een dialysator met groot oppervlak (in Dutch). Ned Tijdschr 

Geneeskd. 1943;87:1684. 

11. Kolff W, Berk H, Welle NM, van der Ley A, van Dijk E, van Noordwijk J. The Artificial Kidney: a 

dialyser with a great area. Acta Med Scand. 1944;117(2):121-134. Available 

from: http://dx.doi.org/10.1111/j.0954-6820.1944.tb03951.x. 

12. Alwall N. On the Artificial Kidney. I Apparatus for Dialysis of the Blood in vivo. Acta Med Scand. 

1947;128(4):317-325. Available from: http://dx.doi.org/10.1111/j.0954-6820.1947.tb06601.x. 

13. Alwall N. Therapeutic and Diagnostic Problems in Severe Renal Failure: Clinical and Experimental 

Studies ... Stockholm: Thomas; 1964. 

14. Kolff W, Watschinger B. Further development of a coil kidney; disposable artificial kidney. J Lab 

Clin Med. 1956;47(6):969-977. Available from: http://www.ncbi.nlm.nih.gov/pubmed/13319909. 

15. Kiil F. Development of a parallel-flow artificial kidney in plastics. Acta Chir Scand Suppl. 

1960;Suppl 253:142-150. Available from: http://www.ncbi.nlm.nih.gov/pubmed/14409028 

16. Quinton W, Dillard D, Scribner BH. Cannulation of blood vessels for prolonged hemodialysis. Trans 

Am Soc Artif Intern Organs. 1960;6:104-113. Available 

from: http://www.ncbi.nlm.nih.gov/pubmed/13738750. 

17. Brescia MJ, Cimino JE, Appel K, Hurwich BJ. Chronic hemodialysis using venipuncture and a 

surgically created arteriovenous fistula. N Engl J Med. 1966;275(20):1089-1092. Available 

from: http://www.ncbi.nlm.nih.gov/pubmed/5923023.  

 

http://dx.doi.org/10.1111/j.0954-6820.1944.tb03951.x
http://dx.doi.org/10.1111/j.0954-6820.1947.tb06601.x
http://www.ncbi.nlm.nih.gov/pubmed/13319909
http://www.ncbi.nlm.nih.gov/pubmed/14409028
http://www.ncbi.nlm.nih.gov/pubmed/13738750
http://www.ncbi.nlm.nih.gov/pubmed/5923023.%C2%A0

