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ABSTRACT

In this paper, we establish a  generalized Fibonacci  sequence  defined by

S, =S,,+S,,+S,:+S,,+S,:+S,s+S,;+S, . Some properties of sequence (S,) are also established.

1. INTRODUCTION

The Fibonacci Sequence (F,) isdefinedas F,=F,,+F, , and F, =1 F, =1. This Sequence is generalized in
different ways.™

(1.1)
Modifying the recurrence relation such that each term is the sum of the three preceding terms, 1!
P =R.+PR.+PF_023) (1.2)
Where Py, P, P, are arbitrary algebraic integers all of which are not zero
Modifying the recurrence relation such that each term is the sum of the four preceding terms, !
Q=Q,+Q,,+Q,;+Q, ,(n>4) (1.3)
Where Qo, Q1, Q2, Qs are arbitrary algebraic integers all of which are not zero
Modifying the recurrence relation such that each term is the sum of the five preceding terms,
D,=D,,+D,,+D, ;+D, ,+D, ;(n>5) (1.4)
Where Dy, Dy, Dy, D3, D4 are arbitrary algebraic integers all of which are not zero
Modifying the recurrence relation such that each term is the sum of the six preceding terms, [
Xo=X, 1+ X, o+ X, 5+ X, .+ X, s+ X, (n>6) (1.5
Where Xy, X1, X2, X3, Xa, Xz are arbitrary algebraic integers all of which are not zero
Modifying the recurrence relation such that each term is the sum of the seven preceding terms, [
Yo=Y  +Y, Y s +Y, Y, Y, s +Y, ,(0>7) (1.6)

Where Yo, Y1, Y2, Y3, Y4, Y5, Yg are arbitrary algebraic integers all of which are not zero
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2. The Generalized Sequence (Sp)
We consider the Sequence:
(Sn) = So, Sl, Sz, ------- ,Sn, --------
Where So, Si1, S, S3, Sa, Ss, S6,S7 are arbitrary algebraic integers all of which are not zero, and
S,=S,,+S,,+S,5+S,,+S,+S,+S,;+S, (n=8) (2.1)
We also consider the Sequence
(An) = Ao, A1, Ay Ag,--------

Where
Ao =Sy - S1- So, A1 =S3—S5- S1, Ay =S4 —S3- Sy, A3 = S5 — S4- Sz,
A4=Se—85- S4,A5=S7—Se- 85,A6=88—S7- Se (22)
With
A =S ,+S, ,+S,,+S,,+S,5+S,+S,; (n=7) (2.3)
and
(Bn) = Bo, By, B2,B3,--------
Where
50283-32 -Sl- So, 51284 -83—82- Sl, Bzz S5-S4—S3- Sz ) B3: Se- S5—S4- Sg
B4:S7-36—S5- S4,B5288-S7—Se- 85 (2.4)
With
B,=S,,+S,,+S,5+S,,+S,5+S, s (n>6) (2.5)
And
(Cn) = Co, Cy, C2,C3,-------
Where
Co :S4- 83- S2 - Sl- So, C1 = S5 - S4 -S3—Sz- S1, Cg = Ss - 85 - S4—83- Sg
C3:S7-85-Ss—84-83, C4:SS-S7-86—85-S4 (26)
With
C,=S,,+S,,+S,,+S,,+S, s (n>5) (2.7)
and
(Dn) = Do, Dy, D2, D3,--------
Where
Do:S5- 84- 83- S2 -Sl- So, D1:S(5-55-S4 -83—82- Sl,
D2:S7 - Se- 85- 84—83- Sz, D3: Sg- S7-Ss- S5—S4- 33 (28)
With
D,=S,,+S,,+S,;+S, , (n>4) (2.9)
and
(En) = Eo, B, Ep,Eg,--------
Where
E0285-85-84-83-82-81-So, E1:S7—SG-S5-S4-S3—32- Sl
E2288 —S7 -86-85- S4—S3- Sz (210)
With
E =S, ,+S, ,+S, ; (1>3) (2.11)
and
(Fn) = Fo, F1, Fy, F3,-—------
Where
F0:S7-85-S5-S4- 83-32 - Sl- So, F1: Sg- 87—85- 85- 84 -53—82- Sl (212)
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With
F =S, ,+S,, (0>2) (2.13)

From (2.3) and (2.1), we have for n>15
An=S, o+S 3+S, ,+S, ¢+S,+S,,+S,5+S,,

+S, 10 +S, o +S, 5 +S, ;+S,6+S,5+S, 4, +S,;
+S, 1 +S, 10+S,6+S,5+S,,+S, +S,:+S,.,
+S, 5, +S, 1 +S, 0 +S, 6 +S,s+S,,+S, +S,¢
+ Sn—13 + Sn—12 + Sn—ll + Sn—10 + Sn—g + Sn—8 + Sn—? + Sn—G
+S, 4 +S, 13+S, 5, +S, 1 +S, 160+, o +S, 5+S,

+ Sn—15 + Sn—14 + Sn—13 + Sn—12 + Sn—ll + Sn—lO + Sn—g + Sn—8

A=AL+AL+ALTA LA HA A A
Using (2.3) and (2.2) we obtain
A1a=S,+S,+S,+S,+S;+S, +S,+ S,
+S,, +S,,+Sg+Sg+S, +S,+S. +S,
+5,,+Sg+Sg+S, +S¢+S,+S,+S,
+S,4+S;+S,+S¢+S,+S,+S,+S,
+5,+S, +S5+S,+S,+S5,+S,+S;
+S,+S¢+S,+S5,+5,+S,+S5,+5S,
+S5,+S,+S,+S,+5,+S5,+S,
And Similarly,
A=A, + A +A+A+A+A+A+A
A= Aj+Ag+ A+ A+ A+ A+TA A,
A=A +A+A+A+A+A+A+A

Hence we have for n>8

A=AL+AL+AL+A L FA+HA A HA (2.14)

Proceeding on similar lines, it can be easily shown that for n>8
Bn = Sn—g + Sn—8 + Sn—7 + Sn—ﬁ + Sn—S + Sn—4 + Sn—3 + Sn—2

+S, 10 +S, o +S, 5+, ;+S,6+S,5+S,4+S,3

+S, ,+S, 0 +S, 0 +S, 5+S, ,+S, +S,:+S,,
+S, 5 +S, 1 +S, 0+ S, 0 +S, s +S, ,+S, +S, ¢
+S, 3 +S, 5, +S, 1 +S, 10+S, 0 +S,5+S,;+S,6

+ Sn714 + Snfil.S + Sn712 + Snflil. + Sn710 + Sn79 + Sn78 + Sn77

Hence we have for n>8
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Bn = Bn—l + anz + ans + Bn—4 + Bn—5 + ans + Bn—? + ans (2-15)

Proceeding on similar lines, it can easily shown that, for n>8
Ch=S,g+S,4+S,,+S,+S,+S,,+S,5+S,.,
+S, 0 +S, o +S, 5+, ;+S,6+S,5+S, 4 +S,5
+S,  +S, 0 +S,0+S, s+S, ,+S, +S,:+S,,
+S, 5, +S, 1 +S, 10+S, 0 +S, s +S,,+S, +S, ¢

+ Sn—13 + Sn—12 + Sn—ll + Sn—lO + Sn—9 + Sn—8 + Sn—7 + Sn—6

Hence we have for n>8
c,=C,+C ,+C ,+C _,+C . +C +C . +C , (2.16)

Proceeding on similar lines, it can easily shown that, for n>8
Dh=S,¢+S,5+S,;+S,6+S,5+S,,+S,5:+S,.,

+ Sn—lO + Sn—9 + Sn—8 + Sn—? + Sn—ﬁ + Sn—5 + Sn—4 + Sn—3
+ Sn—ll + Sn—lO + Sn—9 + Sn—8 + Sn—7 + Sn—G + Sn—5 + Sn—4

+ Sn—12 + Sn—ll + Sn—lO + Sn—9 + Sn—S + Sn—7 + Sn—ﬁ + Sn—5
Hence we have for n>8
D,=D,,+D,,+D,;+D, ,+D,;+D, +D,,+D,, (2.17)

Proceeding on similar lines,it can easily shown that, for n>8
En=S,,+S,5+S,,+S,s+S,:+S,,+S,:+S,,
+ Sn—lO + Sn—9 + Sn—8 + Sn—7 + Sn—ﬁ + Sn—s + Sn—4 + Sn—3

+ Sn—ll + Sn—lO + Sn—9 + Sn—8 + Sn—7 + Sn—ﬁ + Sn—5 + Sn—4
Hence we have for n>8
E,=E _,+E ,+E ;+E ,+E .+E (+E ,+E 4 (2.18)

Proceeding on similar lines, it can easily shown that, for n>8
Fa=3S,¢+S,5+S,;+S,¢+S,s+S,,+S,5+S,,

+S, 40+ Sn e TS g+ S, 7 +S, 6 +S, 5 +S5, 4, +5, 3

Hence we have for n>8

F.=F_,+F ,+F ,+F ,+F . +F (+F ,+F , (2.19)
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Thus, the Sequences (A,) , (Bn) , (Ch), (Dn), (En) and (F,) are the special cases of (Sp) by giving different
initial values.
On taking

So=81282283=84=0;S5=Se=1;87=2
So=81282283=0;84=1;85=0;Se=1;87=2
So=81282:o;83:1;84= 85=0;Se=1;87:2
S0=51=0:5,=1;53=S4=S5=0;S=1;S;,=2
S0=0;51=1;S,=53=5,=S5=0;S=1;S;,=2
S0=1;51=5,=5;=5,=S5=0:S¢=1;5;,=2
S0=51=5,=53;=5,=S55=0;S¢=1:5;,=2

0,0,0,0,0,1,1,2,4,8,16,32,64,128,--------- CHp—
0,0,0,0,1,0,1,2,4,8,16,32,64,127,--------- ——
0,0,0,1,0,0,1,2,4,8,16,32,63,126,---------, By,
0,0,1,0,0,0,1,2,4,8,16,31,62,124,---=--=-Cy,
0,1,0,0,0,0,1,2,4,8,15,30,60,120,---------- o J—
1,0,0,0,0,0,1,2,4,7,14,28,58,112,---------- j Ap—
0,0,0,0,0,0,1,2,3,6,12,24,48,96,---------- ) SHp—

Hence we find that

A =S ,+S,,+S,3+S, ,+S, +S,+S,;
B,=S,,+S,,+S,3+S,,+S,:+S, 4
C,=S,,+S,,+S,5+S,,+S,
D,=S,,+S,,+S,:+S,.,
E,=S,,+S,,+S,;

F,=S,,+S,,

3. LINEAR SUMS AND SOME PROPERTIES

We have derived simple properties of the sequences (Sy), (An) , (Bn) , (Cr), (Dn), (En) and (Fn), expressing
each of the terms Sg,Sg , S19, ----------- Sn+7 as the sum of its eight preceding terms as given in (2.1). Adding
both sides we obtain on simplification:

+8, (S, - S, —25,-3S,-45,-55,-6S, ) |

n+1

Z Si = %I:Snﬂ o Sn+5 o 28n-¢—4 _3Sn+3 o 4'Sn-¢—2 -5S
i-0

(3.1)

On using (2.1), (2.2), (2.4), (2.6), (2.8), (2.10) and (2.12), we get
_anssi =8_nfsi +S, (3.2)
> S, = 35+ A (33)
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n 8n+2
Z Seia =2, S+ By
i=0 i=0
n 8n+3
Z SSi+4 = Si + Co
i=0 i=0
n 8n+4
Z Sai+5 = Si + Do
i=0 i=0
n 8n+5
Z Sgie = 2 SitEg
i=0 i=0
n 8n+6
Zssm = Z Si + |:o
i=0 i=0
n 8n+7
Zssns = S; +(F1 SO)
i=0 i=0
n 8n+6
Zssm = Z S +(E1_SO)
i=0 i=0
n 8n+5
Zsansz Si+(D1_SO)
i=0 i=0
n 8n+4
Z Sgius = 2 S+ (C1 - So)
i=0 i=0
n 8n+3
ZSBi+4 = z S +(Bl_SO)
i=0 i=0
n 8n+2
ZSBi+3= Si+(A1—SO)
i=0 i=0

On using (2.1), (2.3), (2.5): (2.7), (2.9) and (2.11) we get,

48n 32n 24n 16n 12n 96n-1

Z_llei:Z_llESi:Z_l‘,D“:;CGi :;BSi:Z_Z:Am B Z—O: >

4. PROPERTY OF SEQUENCE (Sy)
Theorem for Sequence (Sp):

Sn Sn+1 sn+2 Sn+3 Sn+4 Sn+5 Sn+6 sn+7

Sn+1 Sn+2 Sn+3 Sn+4 Sn+5 Sn+6 Sn+7 Sn+8

Sn-¢—2 Sn+3 Sn+4 Sn+5 Sn+6 Sn-¢—7 Sn+8 Sn+9

Sn+3 Sn+4 Sn+5 Sn+6 Sn+7 Sn+8 Sn+9 Sn+10 — (_1)n+1
Sn+4 Sn+5 Sn+6 Sn+7 Sn+8 Sn+9 Sn+10 Sn+11

Sn-¢—5 Sn+6 Sn-¢—7 Sn-¢—8 Sn+9 Sn+10 Sn+11 Sn-¢—12

Sn+6 Sn+7 Sn+8 Sn+9 Sn+10 Sn+11 Sn+l2 Sn+13

Sn-¢—7 Sn-¢—8 Sn+9 Sn-¢-10 Sn+11 Sn+12 Sn+l3 Sn+14

Proof: Consider the determinant
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The value of determinant is +1; we have
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Writing Ens1 = Sy + Sp1 + Spe2 the R.H.S can be written as sum of three determinants two of which are zero,
therefore

n+l Awl Bn+1 Cn+1 Dn+l Sn—2 Sn—l Sn
A1 Bn C D Sn—3 Sn—2
n-1 A\]—l Bn—l Cn 1 Dn—l Sn—4 S -3 S -2

S

A, B. C. Do Sis Sia Si_s
s A B G D.s Sie Shs Sn_4
s A By Coy D Sa7 Sise Sns
s As B D
s As Bis

>
=}
I
»w v n n v n n v
{
N

on writing,
Dn+1 = Sn+ Spit+ Sp2 + Spa
Cn+1=Sn*+Sp1+ Sp2 + Spa + Spa
Bn+1 = Sn+ Sp1+ Spa + Spz + Spa + Sis
An+1=Sn+ Sn1+ Sno + Sps + Sps + Sps + Sne

We have,
Sn+1 Sn—G Sn—5 Sn—4 Sn—S Sn—2 Sn—1 Sn
S, S.; S, S, S.. S.5 S,, S,
sn—l Sn—B Sn—7 Sn—6 Sn—5 Sn—4 Sn—3 Sn—2

An — Sn—2 Sn—9 Sn—8 Sn—7 Sn—G Sn—S Sn—4 Sn—3

Sn—3 Sn—10 Sn—9 Sn—S Sn—7 Sn—G Sn—5 Sn—4
Sn—4 Sn—11 Sn—lO Sn—9 Sn—8 Sn—? Sn—G Sn—5
Sis Snaz Snmr Snao Sns Sns Sn7 Sne
sn—b‘ Sn—13 Sn—12 Sn—ll Sn—lO Sn—g Sn—8 Sn—?

On Rearranging we get,

Sn+1 Sn sn—l n-2 n-3 n-4 n-5 n-6
So Sha Sie Sis o Sea Sis Sis Sy
Sn—1 Sn—2 Sn—3 Sn—4 Sn—5 Sn—6 Sn—7 Sn—8
An: Sn—2 Sn—3 Sn—4 Sn—5 Sn—G Sn—7 Sn—B Sn—g
Sn—3 Sn—4 Sn—S Sn—6 Sn—? Sn% Sn—g Sn—lO
Sn—4 Sn—5 Sn—6 Sn—7 Sn—8 Sn—g Sn—lO Sn—11
Sis Sie Sn7 Sis Sus Siw Siu S
Sn—6 Sn—7 Sn—8 Sn—9 Sn—10 Sn—ll n-12 Sn—13
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On putting n -13 = m, we get

sm+14 sm+13 Sm+12 Sm+11 Sm+10 Sm+':~) Sm+8 sm+7

Sm+13 Sm+12 Sm+j|.1 Sm+10 Sm+9 Sm+8 Sm+7 Sm+6

Sm+12 Sm+11 Sm+10 Sm+9 Sm+8 Sm+7 Sm+6 Sm+5

Sm+11 Sm+10 Sm+9 Sm+8 Sm+7 Sm+6 Sm+5 Sm+4 — (_1)m+12
Sm+10 Sm+9 Sm+8 Sm+7 Sm+6 Sm+5 Sm+4 Sm+3

Sm+9 Sm+8 Sm+7 Sm+6 Sm+5 Sm-¢—4 sm-¢—3 Sm+2

Sm+8 Sm+7 Sm+6 Sm+5 Sm+4 Sm+3 Sm+2 Sm+1

Sm+7 Sm+6 Sm-¢—5 Sm+4 Sm+3 Sm+2 Sm+1 Sm

Rearranging the determinant and replacing m by n, we get the result.
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