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ABSTRACT
The authors introduced S-L-open sets, S-M-closed sets, S-R-open sets and S-S-closed sets and established their
relationships with some generalized setsin a topological spaces. Connected spaces constitute the most
important classes of topological spaces. In this paper we introduce the concept “S- p-connected” in a
topological space.
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1. INTRODUCTION
Intopology and related branches of mathematics a connected space is a topological spaces that cannot be
represented as the union of two disjoint non empty open subsets. Connectedness is one of the principal
topological properties that are used to distinguish topological spaces. In this paper we introduce S-p -
connected spaces. A topological space X is said to be S- p -connected if X cannot be written as the disjoint

union of two non-empty S- p -open (S- p -closed) sets in X.

2. PRELIMINARIES
Throughout this paper f ~(f (A)) is denoted by A" and f (f *(B))is denoted by B".
Definition 2.1
Let A be a subset of a topological space (X, 7 ).Then A is called semi-open if Accl(int(A)) and semi-
closed if int (cl(A)) c A; 1,
Definition 2.2
Let f: (X,7)— (Y, o ) be a function. Then f is semi-continuous if f*(B) is open in X for every semi-open set
BinY.[1]
Definition: 2.3
Letf: (X,7) = (Y, o) be a function. Then f is semi-open (resp. semi-closed) if f(A) is semi-open(resp. semi-
closed) in Y for every semi-open(resp. semi-closed) set A in X.!
Definition: 2.4
Let f: (X,7)—> Y be a function. Then f is
1. S-L-Continuous if A" is open in X for every semi-open set A in X.
2. S-M-Continuous if A"is closed in X for every semi-closed set A in X.[
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Definition: 2.5
Let f: X— (Y, o ) be a function. Then f is
1. S-R-Continuous if B is open in Y for every semi-open set B in Y.
2. S-S-Continuous if B”is closed in Y for every semi-closed set B in Y.
Definition: 2.6
Let f: (X,7) — (Y, o) be a function, then f is said to be
1. S-irresolute if f~*(V)is semi-open in X, whenever V is semi-openin Y.
2. S-resolute if f(V)issemi-open inY, whenever V is semi-open in X.!"
Definition: 2.7
Let (X,7) is said to be
1) Finitely S-additive if finite union of semi-closed set is semi-closed.
2) Countably S-additive if countable union of semi-closed set is semi-closed.
3) S-additive if arbitrary union of semi-closed set is semi-closed.”
Definition: 2.8 Let (X,7)be a topological space and x € X .Every semi-open set containing X is said to be a
S-neighbourhood of x.!°!
Definition: 2.9 Let A be a subset of X. A point xe X is said to be semi-limit point of A if every semi-
neighbourhood of x contains a point of A other than x. !
Definition: 2.10
X=AU B is said to be a semi-separation of X if A and B are non-empty disjoint and semi-open sets .If there
is no semi-separation of X, then X is said to be S-connected. Otherwise it is said to be S-disconnected. [

3. S- p-OPEN (CLOSED) SETS

Definition: 3.1
Let f: (X,7)— Y be a function and A be a subset of a topological space (X, 7 ).Then A is called
1. S-L-openif A" ccl(int(A"))
2. S-M-closed if A" o int(cl(A"))
Definition: 3.2
Let f: X— (Y, o) be a function and B be a subset of a topological space (Y, o ). Then B is called
1. S-R-openif B" ccl(int(B"))
2. S-S-closed if B oint(cl(B"))
Example: 3.3
Let X={a,b,c}and Y ={1, 2, 3} Letr ={ ® X {a}, {b}, {a, b} }. Letf: (X,7)—>Y defined by
f(a)=2, f(b)=1, f(c)=3. Then f is S-L-openand S-M-Closed.
Example: 3.4
Let X={a, b,c}and Y ={1,2,3}. Let o ={D,Y, {1} {2}.{1,2} }.Letg: X—(Y,0 ) defined by g(a)=2,
g(b)=2, g(c)=3. Then g is S-R-open and S-S-Closed.
Definition: 3.5
Let f: (X,7) — (Y, o) be a function, then f is said to be

1. S-L-irresolute if f~*(f(A))is semi-L-open in X, whenever A is semi-L-open in X.

2. S-M-irresolute if f *(f (A)) is semi-M-closed in X, whenever A is semi-M-closed in X.
3. S-R-resolute if f(f*(B))is semi-R-open in Y, whenever B is semi-R-open in Y.

4. S-S-resolute if f(f*(B))is semi-S-closed in Y, whenever B is semi-S-closed in Y.
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Definition: 3.6
Let (X,7) is said to be

1. finitely S-M additive if finite union of S-M-closed set is S-M-closed.

2. Countably S-M-additive if countable union of S-M-closed set is S-M-closed.

3. S-M-additive if arbitrary union of S-M-closed set is S-M-closed.
Definition: 3.7 Let (X, 7)be a topological space and x e X .Every semi-L-open set containing X is said to be
a S-L-neighbourhood of x.
Definition: 3.8 Let A be a subset of X. A point xe X is said to be semi-L-limit point of A if every semi-L-
neighbourhood of x contains a point of A other than x.

4. s-P -CONNECTED SPACES
Definition: 4.1
X=AU B is said to be a S-L-separation of X if A and B are non empty disjoint and S-L-open sets .If there is
no S-L-separation of X, then X is said to be S-L-connected. Otherwise it is said to be S-L-disconnected.
Definition: 4.2
X=AU B is said to be a S-M-separation of X if A and B are non empty disjoint and S-M-closed sets. If there
IS no S-M-separation of X, then X is said to be S-M-connected. Otherwise it is said to be S-M-disconnected.
Example: 4.3
Let X ={a,b,c,d}and Y ={1,2, 3,4} Lett ={ @ X {a}, {b}, {a, b}, {a, b, c} } Letf:(X,;71)>Y
defined by f(a)=1, f(b)=1, f(c)=2, f(d)=2. Then X is S-L-connected space and S-M-connected space.
Definition: 4.4
X=AU B is said to be a S-R-separation of X if A and B are non empty disjoint and S-R-open sets .If there is
no S-R-separation of X, then X is said to be S-R-connected. Otherwise it is said to be S-R-disconnected.
Definition: 4.5
X=AU B is said to be a S-S-separation of X if A and B are non empty disjoint and S-S-closed sets. If there is
no S-S-separation of X, then X is said to be S-S-connected. Otherwise it is said to be S-S-disconnected.
Example: 4.6
Let X ={a, b,c,d}and Y ={1, 2, 3,4} Let o ={ @)Y, {1} {2}.{1,2} {123} } Letg: X—>(Y,0)
defined by g(a)=1, g(b)=1, g(c)=2, g(d)=2. Then Y is S-R-connected space and S-S-connected space.
Note: 4.7
i. If X=AUB is a S-L-separation then A°= B and B¢ = A. Hence A and B are S-M-closed.

ii. If X=AUB is a S-M-separation then A°= B and B® = A. Hence A and B are S-L-open.

iii. If X=AUB is a S-R-separation then A°= B and B = A. Hence A and B are S-S-closed.

iv. If X=AUB is a S-S-separation then A°= B and B¢ = A. Hence A and B are S-R-open.
Remark: 4.8
(X,1) is S-L-connected (or) S-M-connected if and only if the only subsets which are both S-L-open and S-
M-closed are X and ¢.
Proof:
Let (X,7) is S-L-connected space (or) S-M-connected space. Suppose that A is a proper subset which is both
S-L-open and S-M-closed, then X=A U Ais a S-L-separation (S-M-separation) of X which is contradiction.
Conversely, let ¢ be the only subsets which is both S-L-open and S-M-closed. Suppose X is not S-L-
connected (not S-M-connected), then X=AU B where A and B are non empty disjoint S-L-open (S-M-
closed) subsets which is contradiction.
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Example: 4.9

Any indiscrete topological space (X,r) with more than one point is not S-L-connected (not S-M-
connected).X={a} U {a} “is a S-L-separation(S-M-separation), since every subset is S-L-open(S-M-closed).
Remark: 4.10

(Y,o ) is S-R-connected (or) S-S-connected if and only if the only subsets which are both S-R-open and S-
S-closed are Y and ¢ .

Proof:

Let (Y,0 ) is S-R-connected space (or) S-S-connected space. Suppose that A is a proper subset which is
both S-R-open and S-S-closed, then Y= AUA °is a S-R-separation (S-S-separation) of Y which is
contradiction. Conversely, let ¢ be the only subsets which is both S-R-open and S-S-closed. Suppose Y is
not S-R-connected (not S-S-connected), then Y=AU B where A and B are non empty disjoint S-R-open (S-
S-closed) subsets which is contradiction.

Example: 4.11

Any indiscrete topological space (Y,o ) with more than one point is not S-R-connected (not S-S-
connected).Y={a} U {a}‘is a S-R-separation(S-S-separation), since every subset isS-R-open(S-S-closed).
Theorem: 4.12

Every S-L-connected space is connected.

Proof:

Let X be an S-L-connected space. Suppose X is not connected. Then X=AU B is a separation then it is a S-
L-separation. Since every open set is S-L-open set in X. This is contradiction to fact that (X,7) is S-L-
connected. Therefore hence (X,7) is connected.

Remark: 4.13

The converse of the theorem (4.12) is not true as seen from example (4.14).

Example: 4.14

Any indiscrete topological space (X,7) with more than one point is not S-L-connected. Since every subset is
S-L-open. But it is connected, since the only open sets are X and ¢

Theorem: 4.15

Every S-M-connected space is connected.

Proof:

Let X be an S-M-connected space. Suppose X is not connected. Then X=AU B is a separation then it is a S-
M-separation. Since every closed set is S-M-closed set in X. This is contradiction to fact that (X,7) is S-M-
connected. Therefore hence (X,7) is connected.

Definition: 4.16

Let Y be a subset of X. Then Y=AU B is said to be a S-L-separation (S-M-separation) of Y if A and B are
non empty disjoint S-L-open (S-M-closed) sets in X. If there is no S-L-separation (S-M-separation) of Y
then Y is said to be S-L-connected (S-M-connected) subset of X.

Theorem: 4.17

Every S-R-connected space is connected.

Proof:

Let Y be an S-R-connected space. Suppose X is not connected. Then Y=AU B is a separation then it is a S-
R-separation. Since every open set is S-R-open set in Y. This is contradiction to fact that (Y,o ) is S-R-
connected. Therefore hence (Y, 0 ) is connected.

Theorem: 4.18

Every S-S-connected space is connected.
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Proof:

Let Y be an S-S-connected space. Suppose X is not connected. Then Y=AU B is a separation then it is a S-
S-separation. Since every closed set is S-S-closed set in Y. This is contradiction to fact that (Y, o ) is S-S-
connected. Therefore hence (Y, o ) is connected.

Definition: 4.19

Let Y be a subset of X. Then Y=AU B is said to be a S-R-separation (S-S-separation) of Y if A and B are
non empty disjoint S-R-open (S-S-closed) sets in X. If there is no S-R-separation (S-S-separation) of Y then
Y is said to be S-R-connected (S-S-connected) subset of X.

Theorem: 4.20

Let(X,7) be a finitely S-M-additive topological space and X=AU B be a S-L-separation of X. if Y is S-L-
open and S-L-connected subset of X, then Y is completely contained in either A or B.

Proof:

X=AUB is a S-L-separation of X. Suppose Y intersects both A and B then Y =(ANY)U(BNY) is a S-L-
separation of Y, Since X is finitely S-M-additive. This is a contradiction.

Theorem: 4.21

Let(X,7) and (Y, o ) be bijection. Then

1) fis S-L-continuous(S-M-continuous) and X is S-L-connected(S-M-connected) =Y is connected.

2) fis continuous and X is S-L-connected(S-M-connected) =Y is connected.

3) fis S-L-open(S-M-closed) and Y is S-L-connected(S-M-connected) = X is connected.

4) fis open then X is connected=Y is S-L-connected(S-L-connected).

5) fis P-L-irresolute(S-M-irresolute) then X is S-L-connected(S-M-connected) =Y is S-L-connected
(S-M-connected).

6) fis S-R-resolute(S-S-resolute) then Y is S-R-connected(S-S-connected) =X is S-R-connected(S-S-
connected).Proof:1)Suppose Y= AU B is a separation of Y, then X = f *(Y) = f *(A)U f *(B)is a
S-L-separation of X which is contradiction. Therefore Y is connected.Proof for (2) to (7) is similar to
the above proof.

Theorem: 4.22

A topological space (X, 7 ) is S-L-disconnected if and only if there is exists aS-L-continuous map of X onto
discrete two point space Y = {0, 1}.

Proof:

Let (X,7) be S-L-disconnected and Y = {0, 1} is a space with discrete topology. X = AUB be a S-L-
separation of X. Define f:X—Y such that f(A) = 0 and f(B) = 1. Obviously f is onto, S-L-continuous map.
Conversely, let f: X — Y beS-L-continuous onto map. Then X = f*(0)u f(1) is a S-L-separation of X.
Theorem: 4.23

Let (X,7) be a finitely S-M-additive topological space. If {A 4} is an arbitrary family of S-L-open S-L-
connected subset of X with the common point p then U A, is S-L-connected

Proof:

Let WAy = BYC be aS-L-separation of U Ay Then B and C are disjoint non empty S-L-open sets in
X.Pe WAy =PEB or PEC. Assume that P€B. Then by theorem (4.20)A« is completely contained in B
for all @ (since PeB). Therefore C is empty which is contradiction.

Corollary: 4.24

Let (X,7) be a finitely S-M-additive topological space. If {A.} is a sequence ofS-L-open S-L-connected
subsets of X such that Ay A .12 @, for all n. Then U Ay, jg S-L-connected
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Proof:
This can be proved by induction on n. By theorem (4.23), the result is true for n=2. Assume that the result to

be true when n=k. Now to prove the result when n=k+1. By the hypothesis UA IS S-L-connected. Now (
i=1
n k+1
UA )N A k1% ®. Therefore by theorem (4.23) UA is S-L-connected. By induction hypothesis the result

i=1 i=1

is true for all n.

Corollary: 4.25

Let (X,7) be a finitely S-M-additive topological space. Let {A, } o < Qbe an arbitrary collection ofS-L-
open S-L-connected subsets of X. Let A be aS-L-openS-L-connected subsets of X. If An A, = @ foralla
then Au (U Ay ) js S-L-connected.

Proof:
Suppose that AU (U Ay ) =BY C be a S-L-separation of the subset AL (U Ay ) since AS BYC by

theorem (4.23), ASB or ASC. Without loss of generality assume that ASB. Let « e be arbitrary. a4

C B C,by theorem (4.20), Aa SBor ASC. ButANAg # ® = A < B. Since ¢ is arbitrary, Aa < B
for all @. Therefore AV (Y Ag)SB  which implies c=®. Which is a contradiction.

Therefore AU (U Ay ) js S-L-connected.

Definition: 4.26

A space (X, 7) is said to be totally S-L-disconnected if its only S-L-connected subsets are one point sets.
Example: 4.27

Let (X,7) be an indiscrete topological space with more than one point. Here all subsets are S-L-open. If
A={X1,Xz} then A={X;}uU {X5} is S-L- separation of A. Therefore any subset with more than one point is
S-L-disconnected. Hence (X, 7) is totally S-L-disconnected

Remark: 4.28

Totally S-L-disconnectedness implies S-L-disconnectedness.

Definition: 4.29

In a topological space (X,7) a point xe X is said to be in S-L-boundary of A, (S-L-Bd (A)) if every S-L-
open set containing x intersects both A and X-A.

Theorem: 4.30

Let (X,7) be a finitely S-M-additive topological space and let A be a subset of X. If C is S-L-open S-L-
connected subset of X that intersects both A and X-A then C intersects S-L-Bd(A).

Proof:

It is given that Cn A= ®and Cn A"~ ®. Now C= (CnA) U (CNA" is a non empty disjoint
union.Suppose both are S-L-open then it is a contradiction to the fact that C is S-L-connected. Hence either
Cn Aor Cn ACis not S-L-open. Suppose that C ~ A is not S-L-open. Then there exists x € C~ A which is
not a S-L-interior point of C~ A. Let U be a S-L-open set containing x. Then Un C is a S-L-open set
containing x. Hence (U C)n (Cn A%)= ®. This implies U intersects both A and A° and therefore x e S-L-
Bd (A). Hence Cn S-L-Bd(A) = @.

Theorem: 4.31 (Generalisation of intermediate Value theorem)

Let f:X— R be a S-L-continuous map where X is a S-L-connected space and R with usual topology. If x, y
are two points of X, a=f(x) and b=f(y) then every real number r between a and b is attained at a point in X.

Proof:
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Assume the hypothesis of the theorem. Suppose there is no point ce X such that f(c)=r. Then A=(- ,r) and
B=(r, ) are disjoint open sets in R, since f is S-L-continuous, f* (B) are S-L-open in X. X = f (A) U f~
(B) which is aS-L-separation of X. This is a contradiction to the fact that X isS-L-connected. Therefore
there existsc e X such that f(c)=r.
Definition 4.32
Let X be a topological space and Ac X. The S-M-closure of A is defined as theintersection of all S-M-closed
sets in X containing A, and is denoted byS-M-(cl(A)). It is clear that S-l\/l-(Cl(A)) is S-M-closed set for any
subset A of X..
Proposition 4.33
Let X be a topological space and AcBcX.
Then:
i.  S-M-(cl(A)) =S-M-(cl(B))

ii.  AcS-M-(cl(A))

iii.  Ais S-M-closed iffA= S-M-(cl(A))
Definition 4.34
Let X be a topological space and xe X,Ac X. The Point x is called a S-L-limit point of A if each S-L-open set
containing x , contains a point of A distinct from x.
We shall call the set of all S-L-limit points of A the S-L-derived set of A and denoted it by S-L-(4").
Therefor exe S-L-(4)iff for every S-L-open set G in X such that xe G implies that (GN A) —{x}= ¢.
Proposition 4.35
Let X be a topological space and AcBcX.
Then:
S-M-(cI(A))= AUP-L-4))
Ais S-M-closed set iffS-L-(A YA
S-L-4 ) cS-L-(B )

S-L-4) 24’ (V)s-Mm-(Cl(A)) =cl(A)
Proof
@ If XﬁS-M-(cI(A)) , then there exists a g-\p-closed set F in X such that AcF and
x¢F . Hence G= X—F is ag.|_-open set such that xe Gand GNA=¢.
Therefore x¢A and xeS-L-(A ’), then xg AU S-L-(A"). Thus AU S-L-(A ’) gS_M_(cI(A) . On the other hand,
xgAU S-L-(A ’Jimplies that there exists a S-L-open set G in X such that xe G and G(1A=¢. Hence F = X—
G is ag--closed set in X such that AcF and x ¢ F. Hence x ¢ 5-\-(cl(A)). Thus 5.m-(CI(A)) cAU S-L-(4).
Therefore S-|\/|-(C|(A)) cAU S-L-4).
For (ii), (iii), (iv) and (v) the proof is similar.
Definition 4.36
Let X be a topological space. Two non- empty subsets A and B of X are
Called S-M-separated iff 5-\-(CI(A)) (1B = AN 5-Mm-(cl(B))=¢.
Remark 4.37
A set Ais called g__ -p-clopeniff it is g-|_-open and g_-p-Closed.

Theorem 4.38
Let X be a topological space, then the following statements are equivalent:
Q) X is a g-\j-connected space.
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(i) X cannot be expressed as the union of two disjoint, non- empty and g-pj-closed sets.
(iif)  The only 5. -p-clopen sets in the space are X and ¢ .

Example 4.39

In this example we show that S-M-connectivity is not a hereditary property. Let X = {a,b,c,d} and
Tx={{a}{a,b}.{a,c}.{a,b,c} ¢, X} be atopology on X.

The S-L-open sets are: {a},{a,b}.{a,c}{ab,c}{a,d}{a,b,d},{a,c,d},¢, X. Itisclear that X isS-L-connected
space since the only S-L-clopen sets are X and ¢. LetY = {b,c}, then Ty={{b}{c},Y,¢}. Itis clear that Y is
not S-L-connected space since{b} = ¢, {b}=Y and {b} is S-L-M-clopenset in Y . Thus aS-M-connectivity is

not a hereditary property.
Proposition 4.40
Let A be aS-M-connected set and H, K are S-M-separated sets. If AcH UK then

Either AcH or AcK.

Proof

Suppose A is S-M-connected set and H, K are S-M-separated sets such that AcH UK. Let AzHor AgzK.
Suppose A; = HNA =gand A=KNA # ¢. Then A=A; U A,. Since A; cH, henceS-M-(cI(Al )) <S-M-
(¢l(H)). Since S-M-(cl(H))N K:¢, then S-M-(cl(A1 ))N A=¢ Since A,cK, hence S-M-(cl(A; )) = S-M-
(l(K)).

Since S-M-(cl(K)) MH =¢ then S-M-cl(Az ))N A1 =¢But A=A;U A, therefore A is not S-M-
connectedspace which is a contradiction. Then either AcH or AcK ..

Proposition 4.41
If H is S-M-connected setand H cE gP-M_(cI (H)) then E is S-M-connected.

Proof
If E is not S-M-connected, then there exists two sets A, B such that S-M_(CI(A))ﬂ B =AN S-M-(CI(B)) =¢

and E =AU B. Since H cE ,thus either H —A orH <B. Suppose H A, then S-M-(cl (H))gS-M-(cI(A)),
thus S-M-cl (H)) NB =S-M-(cl(A))NB =¢. But B cE <S-M-ccl (H)), thus S-M-ccl (H))NB=B.
Therefore B =¢which is a contradiction. Thus E is S-M-connected set. If H —E, then by the same way we
can prove that A = ¢ which is a contradiction. Then E is S-M-connected.

Corollary 4.42
If a space X contains a S-M-connected subspace A such that S-M-(Cl(A)):X, then X is S-M-connected.

Proof
Suppose A is a S-M-connected subspace of X such that S-M-(Cl(A)):X. Since AcX :S-M-(Cl(A)), then by

proposition 4.41, X is S-M-connected.
Proposition 4.43
If A'is S-M-connected set then S-M-(cI(A)) is S-M-connected.

Proof: (4.43)
Suppose A is S-M-connected set and S-M-(Cl(A)) is not. Then there exist two S-M-separated

Sets H, K such that S-M-(C|(A)):H UK. But AgS-M-(cI(A)),, then AcH UK and since A is S-M-
connected set then either AcH or AcK (by proposition 4.40)
1) If AcH , then S-M-(cl(A)) =S-M-(cl(H)). But S-M-cl(H)) K =¢, hence S-M-(cl(A)) NK =¢.
Since K gS-M-(cI(A)), then K =¢ which is a contradiction.
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2) If AcK, then the same way we can prove that H =¢ which is a contradiction.
ThereforeS-M-(cI(A)) is S-M-connected set.

Proposition 4.44

Let X be a topological space such that any two elements a and b of X are contained in some S-M-connected
subspace of X . Then X is S-M-connected.

Proof

Suppose X is not S-M-connected space. Then X is the union of two S-M-separated Sets A and B. Since A, B
are non-empty sets, thus there exist a, b such that ac A, beB. Let H be aS-M-connected subspace of X
which contains a and b. Therefore by proposition 4.40 either H c A or H < B which is a contradiction since
ANB=4.

Then X is S-M-connected space.

Proposition 4.45

If A and B are S-L-connected subspace of a space X such that AN\ B # ¢, then

AU B is S-L-connected subspace.
Proof
Suppose that AU B is not S-L-connected. Then there exist two S-L-separated sets
H and K such that AUB =H UK. Since AcAUB =H UK and A isS-L-connected, then either AcH or Ac
K. Since BcAUB =H UK and B is S-L-connected, then either BcH or BcK.
(1) fAcHandB cH, then AUB —H . Hence K =g which is a contradiction.
(2) IfAcHand B cK,then ANB cH NK=¢. Therefore A(1 B =¢ which is a contradiction.
By the same way we can get a contradiction if AcKand B —H orif AcKand B —K . Therefore AUB is
S-L-connected subspace of a space X.
Theorem 4.46
If Xand Y are S-L-connected spaces, then X XY is S-L-connected space.
Proof
For any points (X1, y1) and (X, y»)of the space X XY, the subspace
X X{y1}U {x2} XY contains the two points and this subspace is S-L-connected, since it is the union of two
S-L-connected subspaces with a point in common (by proposition 4.45).
Thus X XY is S-L-connected (by proposition 4.44).
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